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Abstract Let V be a smooth projective curve. Write BunsOj,^ for the moduh stack of 
S02„-torsors on X. We give a geometric interpretation of the automorphic function / on 
Bunso2„ corresponding to the minimal representation. Namely, we construct a perverse 
sheaf ICh on Bunso2„ such that / should be equal to the trace of Frobenius of K-h plus some 
constant function. The construction is based on some explicit geometric formulas for the 
Fourier coefficients of / on one hand, and on the geometric theta-lifting on the other hand. 
Our construction makes sense for more general simple algebraic groups, we formulate the 
corresponding conjectures. They could provide a geometric interpretation of some unipotent 
automorphic representations in the framework of the geometric Langlands program. 

1. Introduction 

1.1 The theory of minimal representations has been developped (at least since 1989) in the 
works of D. Kazhdan, G. Savin, W.T. Gan, D. Ginzburg, S. Rallis, D. Soudry and others (cf. 
[lOj for a recent survey) in several settings, over finite, local and global fields. In the theory of 
automorphic forms they are of special interest as they allow to prove some particular cases of 
Langlands functoriality via 'generalized theta correspondences'. 

The first example of a minimal representation is the Weil representation of the metaplec- 
tic group. In |18] a geometric version of the corresponding automorphic theta- function was 
constructed. In the present paper we develop a similar geometric theory for the minimal repre- 
sentations of even orthogonal groups. One of our motivations is a hope that the automorphic 
sheaves corresponding to the minimal representations will yield new cases of the geometric Lang- 
lands functoriality, as in the classical theory. For example, this should be the case for the dual 
pair (S03,S02„_3) in SOs^. 

The place of minimal representations becomes clearer from the perspective of Arthur con- 
jectures m, they are particular examples of unipotent automorphic representations. 

Let A: be a finite field. Let X be a smooth projective geometrically connected curve over k. 
Let H he a simple split group. Let T C B C H he a maximal torus and a Borel subgroup. 
Write A for the coweight lattice of T. Write H for the Langlands dual group of H over Q^. Set 
F = k{X). Let A be the adeles ring of F, O C A be the entire adeles. For x £ X write for 
the completion of F at x. 

The unipotent representations we are interested in have been studied, in particular, in |21j . 
Moeglin considers irreducible representations vr of H(A) appearing as a direct summand in 
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L"^ {H {F)\H (A)) , which are everywhere nonramified and satisfy the following assumption. There 
is a character x ■ T{A)/T{0) — > that decomposes as 

r(A)/T(0) ^ Div(X) ® A '^'^-f A ^ Q} 

such that vr appears in the induced representation ind^^^^^x- They are expected to correspond to 

homomoprhisms (j) : SL2 — >■ H such that the corresponding unipotent iJ-orbit does not intersect 
any proper Levi subgroup. 

Namely, let (j) : SL2 H satisfy this property. Let vr^ = ®'^^x'^'-^^ where tt^ is the spherical 
representation of H{Fx) with Langlands parameter 




where tx € is a uniformizer. If H is one of the split groups S02„, S02„+i, Sp2n then, as 
Moeglin proved, appears in L'^ (H {F)\H (A)) as a direct summand with multiplicity one. We 
also expect this to hold in type En- 
Let Bun// denote the stack of ff-torsors on X. The problem we are interested in is to 
find an object G D(Bunj/) of the derived category of Q^-sheaves on Bunj/, which is a 
geometric analog of vr^. Let a : Gm — > H denote the restriction of cj) under the map Gm — >• SL2, 
X I— > diag(j;, Then should be a cj-Hecke eigensheaf as defined in ([H], Definition 1). 

If H is of type -D„ or En then the subregular unipotent orbit in H does not intersect any 
proper Levi subgroup, and the corresponding representation vr^ of H(A) is the minimal one. Its 
Arthur parameter is the homomorphism idx(j) : tti{X) x SL2 — >■ H, where <j) corresponds to the 
subregular unipotent orbit. 

In Appendix A we introduce a notion of an almost constant local system on Bun//. We 
think they are nothing but the automorphic sheaves on Bun// corresponding to the Arthur 
parameters of the form a x (pp : vri(X) x SL2 — )> H, where ipp : SL2 ^ is principal, and 
a factors through the center Z(H) of H. Conjecturally, any local system on Bun// is almost 
constant (after passing from k to its algebraic closure). Denote by D(Bun//)/s C D(Bun//) the 
full triangulated subcategory generated by the almost constant local systems. It is preserved by 
Hecke functors, so they also act on the quotient category D(Bun//)/ D(Bun//);5. 

Assume H = S02„ split with n > 4. Let (j) : SL2 — )• H correspond to the subregular unipotent 
orbit. Our main results are Theorems [1] and [21 they provide a perverse sheaf /C// G D(Bun//) irre- 
ducible on each connected component of Bun// and such that its image in D(Bun//)/D(Bun//);s 
satisfies the Hecke property for the Arthur parameter id x0 : 7ri(X) x SL2 — s- H. So, the object 
K(f), which we are not able to find yet, will have the same image as /C// in D(Bun//)/D(Bun//);5. 

In the classical setting one could take the orthogonal complement to the vector space gener- 
ated by the 'almost constant functions' on Bun//, and find a function in this orthogonal comple- 
ment which coincides with the trace of Frobenius of /C// modulo the 'almost constant functions' 
on Bun//. In the geometric setting the problem of lifting of /C// G D(Bun//)/ D(Bun//);5 to 
G D(Bun//) looks more difficult. 
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1.2 One can construct the minimal representation vr of H{A) as the restricted tensor product 
of minimal representations of H(Fx), x X. Each is the local theta-lift of the trivial 
representation of SL2{Fx) for the dual pair (SL2,-ff) in the metaplectic group Sp4„. The corre- 
sponding global theta-lift is divergent, and one has to take a residue of the corresponding series 
to obtain vr. Another way is to realize vr as a residue of Eisenstein series for some parabolic 
subgroups of H (see [12]). Neither of these constructions admits an evident geometrization. It 
is not clear what a residue of a geometric Eisenstein series (or a divergent theta-series) should be 
in general, this was one of the key technical difficulties in this paper. Our construction suggests, 
a posteriori, a possible geometric approach to residues of Eisenstein series at least in the simplest 
cases (see Section 1.3). 

Our construction of ICh is based on the theta-lifting. Let Q be the canonical line bundle 
on X. Let Gi be the group scheme on X of automorphisms of Ox © ^ acting trivially on 
det{Ox © Let P C H he a parabolic subgroup preserving some isotropic n-dimensional 
subspace in the standard representation of H. 

In ([E], Definition 2) the theta-lifting functor Fh ■ T)^ (BunG-^)\ — t- D'^(Buiih) has been 
introduced, it is given by the kernel AutGi,H on Bunc^ x Bun//, which is the restriction of the 
theta-sheaf for Sp4„. Let q : Bunc^ x Bun// Bun// be the projection. In loc.cit. we considered 
the morphism n : Gi x SL2 — t- H given by 

SO3 X SL2 "^A*'' SO3 X S02„_3 ^ S02„, 

where the latter map is given by an orthogonal direct sum, and (j)p : SL2 — )• S02„_3 is principal. 
By (^lOj, Theorem 3), Fh commutes with the Hecke functors with respect to k. So, if we had 
Qi G D~(BunGj! then ^//(Q^) would be the automorphic sheaf we are looking for. However, 

is not in D~(BunGrj!, and the complex FniQe), which is q\AutGi,H up to a shift, does not 
make sense in the existing formalism. It is not bounded from above neither from below. 

One can however, formally look at its Fourier coefficients with respect to P. The stack Bunp 
of P-torsors on X is the stack classifying U £ Bun„ and an exact sequence — )• A^C/ — >? ^ 
Ox — > 0. Let yp be the stack classifying U G Bun„ and a section v : f\^U — )• Then yp 
and Bunp are dual generalized vector bundles over Bun„, the stack of rank n vector bundles 
on X. Prom the explicit formulas for AutGi,_H' in the Shrodinger model we noticed that all the 
infiniteness of the Fourier transform Four(g! Autc^^//) is concentrated on the zero section of yp. 
This, together with the results about minimal representations ([E]) has led to our construction 
of K-H via the P- model (cf . Theorem [1]) . 

Let Q (resp., R) be the parabolic subgroup of H preserving a 1-dimensional (resp., 2- 
dimensional) isotropic subspace in the standard representation. We also propose conjectural 
constructions of the same perverse sheaf /C// via Q and P-models. While the Q-model is a part 
of more general Conjecture U] for simple groups admitting a parabolic subgroup with an abelian 
unipotent radical, the P-model plays a separate role. This is a parabolic subgroup of H referred 
to as Heisenberg parabolic in [10] , such parabolic exists for any simple algebraic group. We hope 
that our explicit construction via P-model will generalize to cover the cases when there is no 
parabolic subgroup with an abelian unipotent radical (like Eg, for example). 
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In all three cases we construct some complexes Kp^^, Kq^^, Kji^^ on Bunp, Bung and Bun^ 
respectively given by some explicit formulas. We expect that each of this complexes is the 
restriction of ICh from Bun// (over suitable open substacks). Here ^/^ : Fp — > is a nontrivial 
additive character. For the parabolic P this is true and is a part of our construction of ICh (cf. 
Theorem [T]) . 

Our i?-model uses as an input a new ingredient, the extended theta sheaf. This is a perverse 
sheaf interesting on its own ground, as it is a geometric analog of the matrix coefficient of the 
Weil representation of the semi-direct product Sp2n ^ where is the Heisenberg group. 
Our definition of the perverse sheaf Kr^^ on Bun/j (cf. Section 2.3.3) is motivated by our 
compatibility result between P and i?- models (cf. Corollary [2|) . 

In Section 8 we propose one more conjectural construction of ICh via residues of geometric 
Eisenstein series (this approach is formalized in Section 1.3). We then apply this to calculate 
ICh explicitly in the cases of genus zero and one (Propositions H] and [5|) . This calculation shows, 
in particular, that the generic rank of ICh (for a given connected component of Bun//) does 
depend on the genus of X. In this sense the sheaf ICh is not of local nature (as opposed to the 
case of the theta-sheaf for the metaplectic group). 

In the main body of the paper we work with etale Q^-sheaves in positive characteristic, 
however our Theorem [T] holds also for D-modules in characteristic zero (in Appendix C we 
briefly explain how to change the proof of Theorem [1] in this case) . 

1.3 A GEOMETRIC APPROACH TO RESIDUES Let G be a simple, simply-connected group, P C G 
a maximal parabolic subgroup with Levi quotient M. The connected components of Bunp are 
indexed by 7ri(M) naturally, write Buup for the connected component given by m G tti{M). 
Note that 7ri(M)^Z. Set S"" = {i^p)\Qi, where : Bun^ Bun^ is the natural map. 
Consider the induced representation in(ip|*|(x^), s € C, where 

X : F(A) ^ (M/[M,M])(A)^A* ^ Q*, 

the last map sends a € A* to | o |. The simplest residual representations appear inside these 
induced representations as non ramified subquotients at points s G C of reducibility. These 
points, for an appropriate normalization, correspond also to the (simple) poles of the Eisenstein 
series Ep{s). 

We suggest that for such s there is an affine function a : Z —?■ Z, a{m) = am + b such that 
for m small enough, the perverse sheaf P'H"'^"^\S"^) stabilizes (or at least, contains the same 
irreducible perverse sheaf /C as a subquotient). Then say that the sequence S^' has a residue in 
the direction a. 

2. Main results 

2.1 Notation Let k be an algebraically closed field of characteristic p > 2 (except in Section 3.3 
and 7.1-7.4, where we assume k = ¥q finite with q odd). All the schemes or stacks we consider 
are defined over k. 
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Let X be a smooth projective geometrically connected curve of genus g. Write O for the 
canonical line bundle on X. Fix a prime i ^ p. For a stack S locally of finite type write 0(5") 
for the category introduced in ([15]! Remark 3.21) and denoted Dc(5, Q^) in loc.cit. It should 
be thought of as the unbounded derived category of constructible Q^-sheaves on S. For * = —,b 
one has the full subcategory B*{S) C B{S) denoted B*{S,Qi,) in loc.cit. Write D^(5) C D(5) 
for the full subcategory of complexes K G 0(5*) such that for any open substack of finite type 
U C S we have K D~{U). Write P(S') C D(S') for the full subcategory of perverse sheaves. 

Fix a nontrivial character ip : ¥p ^ and denote by the corresponding Artin-Shreier 
sheaf on A-*^. Fix a square root Qe{^) of the sheaf 0^(1) on Spec/c. If k = ¥q the isomorphism 
class of such correspond to square roots of q in Qi. For a morphism of stacks f : Y Z write 
dim. rel(/) for the function of a connected component C of 1" given by dimC — dimC, where 
C is the connected component of Z containing f{C). 

If F — > S" and — > 5 are dual rank r vector bundles over a stack S, write Four^ : D^{V) 
D"^(y*) for the Fourier transform given by Fouv^{K) = (pv'.)!(,^*£^(8)pyii')[r](|), wheie pv,Pv* 
are the projections and : ^ 1/* ^ is the pairing. 

Write Buur for the stack of rank r vector bundles on X. Our conventions about Z/2Z- 
gradings are those of (|18j. 3.1). For a group scheme G over X denote by Bunc the stack of 
G-torsors on X. 

For a connected reductive group Q over Qi write Rep(t?) for the category of finite-dimensional 
Qf-representations of Q. Write DP(A;) = 0rfggP(Spec A;)[(i] C D(SpecA;) for the full subcategory 
in D(Spec k). By definition, we have an equivalence of tensor categories Loc : Rep(Gm) DP(A;) 
sending St®™ to Qi[m]. Here St is the standard representation of Gm- 

If k = ¥q then we denote F = k{X), A the adeles of X and O C A the entire adeles. 

2.2 Extended theta sheaf For n > let Mq = O" © il"', write Gn for the group scheme on X 
of automorphisms of Mq preserving the natural symplectic form A^Mq — )■ Q,. The stack Bun^^ 
classifies M G Bun2n with symplectic form A^Af ^l. Let Hn = Mq © be the corresponding 
Heisenberg group scheme on X, write G„ = Gn x Hn for the corresponding semi-direct product 
(cf. Section 3.2 for details). 

Write for the line bundle on Bunc^ with fibre detRr(X, M) at M. We view it as a 
Z/2Z-graded purely of degree zero. Denote by Bun^^ — >■ Bun^^ the /i2-gerb of square roots of 
Ag„- Write Aut for the perverse theta-sheaf on Bun^^ introduced in ([IE], Definition 1). 

The stack Bunjj^ classifies Mi G Bun2n+2 with symplectic form A^Mi — ?> Q, and a section 
V : il. ^ Ml whose image is a subbundle. For a point of Bunjj^ write L_i for the orthogonal 
complement to Q, so M = G Bunc^. Write pg, : Bun^^ — )■ Bun^^ for the map sending 

{Mi,v) to M. Set BunG„ = Bunc^ XBunG„ BunG„. 

Let BunG„ C Bun^^ be the open substack given by H°(X, M) = 0, define o Bun^^ , o BunG„ , 
BunG„ similarly. Write Bun^ for the stack classifying exact sequences 

o^n^i^o^o (1) 

on X. Let evQ : Bunn — > be the map sending ([1]) to the corresponding element of H^(X, il). 
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We have canonically 

oBunG„ ^oBunG„ x Bun^ (2) 
Definition 1. Write Aut^ for the intermediate extension of 

under the open immersion oBun{j„ ^ BunG„. Here e stands for 'extended', we call Aut^ the 
extended theta-sheaf. 

Let Pn C Gn be the parabolic group subscheme preserving O" C Mq. Set P„ = P„ x Hn- 
The stack Bunp^ classifies C G Bun„ included into an exact sequence on X 

C^O (3) 

and an exact sequence on X 

^ Sym^ ^Q^O (4) 

Let Tn be the stack classifying C G Bun„, and an exact sequence ([3]) on X. Let Zj-^ be the 
stack classifying a point of %, and a splitting s : £ — )■ of Q . 

Write Z2^Tn ^'^^ the stack classifying a point of Tn as above and a section s : Sym^ £ — )• 0^. 
The map hj- : 2^7;^ — > ^2,7;i over Tn given by s = s s is a closed immersion. One has a diagram 
of dual generalized vector bundles Z2^t„ Tn Bunp^ over Tn- Let Four 2:^^^ : D'^{Z2^t„) ~^ 
D"^(Bunp^) denote the corresponding Fourier transform functor. Set 

^P„,V = Four^^^^ hr\Qe[a], 

where a is a function of a connected component of Tn given by dim 7^ — xi^)y ^ ^ Bun„. 

Let Bun„ C Bun„ be the open substack classifying £ € Bun„ with H*^(X, Sym^£) = 0. 
Write ^ Bunp^ for the preimage of ^ Bun„ under the map Bunp^ — > Bun„ sending the above 
point to £. We will define a morphism z>p : Bunp^ — t- Bung^^ whose restriction to ^ Bunp^ is 
smooth (cf. Section 3.4.3). 

Proposition 1. There is an isomorphism over Bunp^ 

i>^Aut^^mml))"^''^^K^r.,i. (5) 

Remark 1. We conjecture that the isomorphism (0) holds over the whole of Bunp^. 

We also introduce a finite-dimensional analog of the extended theta-sheaf and calculate all 
the *-fibres of Aut^ (cf. Section 3). 

In the case k = ¥qwe show that Aut^ is a geometric analog of the following matrix coefficient 
of the Weil representation. Let x '■ ^{A.)/Q(F) — ?> be the character 

X(w) = ^^{^2 ^^H=^)/k I^es ujx) (6) 
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Denote by {p,S^) a (unique up to isomorphism) irreducible representation of -ffn(A) over Qi 
with central character x- Let G'rt(A) be the metaplectic group defined by this representation 

Gni^) = {(^jCr) I 9 £ ^^(A),^ G Aut5^,, p{gm,uj) o a = a o p(m,uj) for {m,uj) G //„(A)} 
The sequence is exact 

1^Q|^G„(A)^G„(A)^1 (7) 

Then is naturally a representation of G„(A) = G„(A) x //„(A). For a subgroup /C C G„(A) 
write for its preimage in G„ (A) . One checks that 5^ admits a unique up to a multiple non zero 
-ff„(F)-invariant functional : 5^ — ?> Q^. The group Gn{F) acts naturally on the space of such 
functionals, this gives a splitting of d?]) over Gn{F). View Gn{F) C Gn(A) as a subgroup. The 
representation also admits a unique up to a multiple i^„(0)-invariant vector vq, it similarly 
yields a splitting of ([7]) over G„(0). This yields the subgroups G„(F) and G„(0) of G„(A). Let 

<t> : G„(F)\G„(A)/G„(0) ^ Q, (8) 

be given by (j){g) = Q{gvo), g S G„(A). Then Bun^^ can be thought of as a geometric analog of 

G„(F)\G„(A)/G„(0), 

and Aut^ is a geometric counterpart of (p. 
2.3 Models of the minimal sheaf 

Fix n > 2, let -ff = S02„ be the split orthogonal group over k. We write Hn when we need to 
express the dependence on n. Write Vq for the standard representation of H. Write H for the 
Langlands dual group over Qi, so S02n- 

The stack Bun// classifies V G Bun2„ with a non degenerate symmetric form Sym^(y) — )• 
Ox and a compatible trivialization det^^Ox- One has 7ri(i?) ^Z/2Z, and the connected 
components Bun^ of Bun// are naturally indexed by E tti{H). 

2.3.1 P-MODEL Fix an n-dimensional isotropic subspace Uq C Vq. Let P C H he the parabolic 
subgroup preserving Uq. The stack Bunp classifies U G Bun„ and an exact sequence of Ox- 
modules 

^ A^U ^? ^ Ox ^ (9) 

Let yp be the stack classifying U £ Bun„ and a section v : A^C/ Q. So, yp and Bunp are 
dual generalized vector bundles over Bun„. 

Let Sp be the stack classifying U G Bun„, M € Bunc^ and a morphism s : U M. Let 
TTp : Sp —7- yp be the morphism sending (U, M, s) to {U, v), where v is the composition 

Let C 3^p be the closed substack classifying {U, v) such that the generic rank oi v : U — > 
[/* (8) is at most 2. This is equivalent to requiring that A^v : A^U — >■ A^{U* (8) f^) vanishes. 
Clearly, vrp factors as 

Sp"^ Zp^ yp 
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Let yp C yp be the open substack given by the condition that v ^ 0. Let Sp and Zp he 

o 

the preimages oi yp in Sp and Zp respectively. 

For d > write X^'^^ for the d-th symmetric power of X. Stratify Zp hy locally closed 
substacks Zp^m indexed by m > 0. Here Zp^m is given by the condition that there exists an 

effective divisor D G X^™-* such that v : A^U il.{—D) is surjective. Note that Zp^ C Zp is 
an open substack. The stack Zp^m can be seen as the stack classifying D G X^"^\ U S Bun„, 
M' G Bun2 together with a surjective morphism of Ox-modules U — >■ M', and an isomorphism 
detM'^Q(-D). 

Write Bun^ for the connected component of Bun„ classifying U S Bun„ with deg U = d. Let 
Buup, Zp and so on denote the preimage of BunJ^ in the corresponding stack. 

o 

The stack (Sp is smooth. The restriction 

TTp-.Sp^Zp (10) 

of TTp is representable, proper and surjective, this is an isomorphism over Zp^Q. For each d G Z 

o o 

the stack Sp is irreducible, so Zp is also irreducible. 

Proposition 2. 1) If n > 4: then the map U0\) is small, and one has canonically 

{TTp)llC{Sp)^lC{Zp) (11) 

o 

2) If n = 3 then [W\) is semi-small, and © lC{Zpm) is a direct summand of {-n p)\\C{S p) . 

m>0 

Let '^Bun„ C Bun„ be the open substack given by two conditions H'^(X, A^f/) = and 
H°(X, (g) K^U) = for [/ G Bun^. Let ^Sp, ^ Bunp, ^yp and so on be the preimages of ^ Bun„ 
in the corresponding stacks. Write vp : Bunp — ?> Bun// for the map induced by P ^ if. Its 
restriction ^ Bunp — )• Bunj/ is smooth. 

o 

Let Z{e^ P) be the set of d G Z such that '^Zp is not empty. There is G Z such that 

ii d < N then d G Z{e,P). Since Zj, is irreducible, if d G Z{e,P) then ""Zj, n Zp^ is also 
nonempty. 

Write Four^p^^ : T)^{yp) — > D"'(Bunp) for the Fourier transform functor over Bun„. Set 

Kp,^ = Foury^,^ IC(Zp) 

Assume n > 4. We will construct a perverse sheaf JCh on Bun// irreducible on each connected 
component and defined up to a unique isomorphism (cf. Section 2.3.4 and Definition H] in 
Section 7.3.1). Here is our main result. 

Theorem 1. For each d G Z{e,P) there exists an isomorphism over ^Bun^ 

z^p/c// mm^f"'-'''^''''^^Kp,^ (12) 
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Let us formulate a conjectural version of the Hecke property of ICh- Write 

H|7 : Rep{H) x D(BunH) ^ D(X x Bun//) 

for the Hecke functors on Bun// (cf. [19], Section 2.2.1 for a precise definition). Let a : Gm H 
be the composition G^ — t- SL2 — t- if, where the second map corresponds to the subregular 
unipotent orbit, and the first one is the standard maximal torus. Let Eq : Rep{H) — )• DP(Spec k) 
be the functor W Loc(Res'^(Ty)), here Res°" : Rep(iJ) Rep(Gm) is the restiction via a. 

Conjecture 1. There is a functor Ei : Rep{H) DF{Speck) and an isomorphism in D{X x 
Bun//) 

R^{W,}Ch)^{Eo{W)(E)}Ch)[1]{^)(BE^{W) 

functorial inW£ Rep{H). 

In Appendix A we introduce a notion of an almost constant local system on Bun//. In 
Section 7.6 we prove the following weaker form of Conjecture [TJ 

Theorem 2. Let x ^ X. There is a functor Ei : Rep(if) — > D(Bun//) with the following 
properties. IfW£ Rep{H) then Ei{W) is a direct sum of shifted almost constant local systems 
on Bun//. There is an isomorphism functorial inW(z Rep{H) 

^R^{W, 1Ch)^Eq{W)®Kh® Ei{W) 

Remark 2. Consider Four^^ ^('^p^h) over the whole of yp, we expect that it is the extension 
by zero from Zp. 

2.3.2 Q-MODEL Let Wq G Uq he a 1-dimensional subspace. Let Q C H he the parabolic 
subgroup preserving Wq. The stack Buuq classifies V € Bun//^_^, W G Buni and an exact 
sequence of Ox-modules 

O^W ^7 ^0 (13) 

Let yg he the stack classifying W G Buni, V' G Bun//^_j and t : W ^ V Q. So, yq and 
Bung are generalized vector bundles over Buni x Bun//^_^. 

Let Zq C yq he the closed substack given by the condition that the composition 

vanishes, that is, the image of t is isotropic. 

Let "(Buni x Bun//„_j) C Buni x Bun//^_-^ be the open substack given by H*^(X, V'(^W) = 
and R°{X, V'(S)W(g)Q) = OioiW e Buni, V G Bun//„_,. 

Write "Bung, ^Zq and so on for the preimages of "(Buni x Bun//^_j) in the corre- 

sponding stack. Let i'q : Bung — )• Bun// be the map induced hy Q ^ H. Its restriction 
" Bung — )• Bun// is smooth. 

Write Foury^^^ : D"^(3^g) — > D^(Bung) for the Fourier transform functor. Set 

Kq,^ = Four3;Q,^IC(2:g) 
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Conjecture 2. There exists an isomorphism over " Bung 

i^*q}Ch ® {m]il))"^''^^^KQ,^ (14) 

We prove that P and Q-models are compatible. Namely, in Section 5 we define an open 
substack ^Bunpng C Bunpng and show that the restrictions of i^g,^ and of Kp^^ to ^Bunpng 
are isomorphic up to a shift (cf . Proposition fTO]) . Note that P (IQ contains a Borel subgroup of 
H. This implies that the pointwise Euler-Poincare characteristics of Kp^^ (resp., of Kq^^) are 
constant along the fibres of the projection vp : '^Bunp — > Bunn (resp., uq : "Bung — > Buuh), 
cf. Proposition [T2l 

Remark 3. Consider Four^^ ^{^q^h) over the whole of 3^q, we expect it to be the extension by 
zero from Zq. 

2.3.3 i?-MODEL Fix a 2-dimensional subspace C/o,2 C Uq. Let R C H he the parabolic subgroup 
preserving Uq^2, we call it the Heisenberg parabolic. The stack Bun/j classifies V € Bun// with 
an isotropic subbundle U2 C V, where U2 € Bun2. For {U2 C V) £ Bunp write V = V-2/U2 € 
Bun//^_2, where V-2 is the orthogonal complement of U2 in V. We also need the stack Bunp^_2 
classifying ([/' C V), where V' G Buuh^ .^ and U' is an isotropic subbundle of rank n — 2. 
Let y^i be the stack classifying {U2 C V) £ Bun/j and a section V2 : A^?72 — f^- Let 

o 

Ir '■ yR — ^ Bun/^ be the projection forgetting V2- Write j'p : yp ^ yp for the open substack 
given by 7^ 0. 

Let be the stack classifying {U2 C € Bun/j and an upper modification S2 '■ U2 C M 
equipped with detM^Jl. Here M € Bun2 and S2 is an inclusion of coherent Ox-modules. Let 

o 

ttr ■ Xr^ yR 

be the map over Bun/j given by V2 = A^S2- The map irp is representable and proper. In 
Section 6.2.2 we define a natural map 

PR - Xr^ BunG2„_4 (15) 
Let ''(Bun2 x Bunp^_2) C Bun2 x Bunp^_2 be the open substack given by 

H°(X, Sym2(C/2 U')) = H°(X, Q (g) A^C/') = H°(X, U2 (gU'* 0Q) = O (16) 
for {U2, U' C V) € Bun2 x Bunp^_2. The projection is smooth 

id xzyp : ^(Bun2 x Bunp^^j) Bun2 x Bm\H,^_2 (1''') 

Let "'(Bun2 x Bunj/^ j) Bun2 x Bunj/^_2 be the intersection of the image of (jl7p with the 
open substack given by the conditions 

H°(x, K^U2) = H°(x, n ^^U2) = H°(x, 17 (8 c/2 y') = (is) 
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Informally, {U2,V') G "'(Bun2 x Bun^/^^j) if ^2 is sufficiently 'negative' and V' is 'sufficiently 
stable' compared to U2- 

o 

Let ^ypt, ^yR, ^ Bun/j and so on denote the preimage of "'(Bun2 x Bun//^_2) in the corre- 
sponding stack. 

Let i^ji : Bun^ — )• Bunn be the map induced hj R ^ H. Its restriction to ^ Bun/j is smooth. 
The following is proved in Section 6.3. 

Proposition 3. The complex 

{■KRYp^RKuil ^CQaiK^))"'"""^^^^"^ (19) 

o o 

is perverse over the open substack C yR. 

o 

Let Tr^^p be the intermediate extension of (fT9|) under Jr : '"yR ^yR. For the projection 
/ij:"3^i?^"Bun« weset 

Kr,^ = {fR)\J'R,i, e D^rBunn) (20) 

Conjecture 3. The complex (2U\) is a perverse sheaf on Bun/j, and there exists an isomor- 
phism over Bun/j 

i^'klCH ® (Q41](^))'''"-"'^"^^ (21) 

A partial evidence for Conjecture [3] is provided in Section 6. Namely, in Section 6.3 we define 
an open substack Bunpnij C Bunpni? and show that the restrictions of Kp.^ and of -fC/j,^ to 
BunpnR are isomorphic up to a shift (cf. Corollary [2|) . Note that here PnR contains a Borel 
subgroup of H. 

2.3.4 Actual construction of )Ch We don't know in general if }Ch is nonzero at the generic 
point of each connected component of Bun//. For this reason it is not clear if the isomorphisms 
of Theorem [T] or Conjectures I2|3I characterize ICh up to a unique isomorphism. 

Our actual construction of ICh is via the theta-lifting for the dual pair {Gi,H). Write 
AutGi,H for the complex on Bun^j x Bun// introduced in (|19j. Definition 2). This is the kernel 
of the theta-lifting functor from Bunc^ to Bun//. 

Let qh : Bun^ x Bun// — > Bun// be the projection. Since Bun^j is not of finite type, the 
complex g//! Autci h does not make sense literally (at the level of functions for k = ¥q the 
corresponding integral is also divergent). 

For a € Z write a Bunc^ C Bun^j for the open substack classifying M € Bung-^ such that 
for any line bundle L on X with deg(L) < a one has Hom(M, L) = 0. The stack a Bunc^ is of 
finite type. Let aQ '■ a Bunc^ x Bun// Bun// be the projection. Set 

aK = (,(?,) AutGi,// G D^(Bun//) (22) 

For a €z 7j write a Bun„, C Bun„ for the open substack classifying U G Bun„ such that for 
any line bundle L on X of degree < a one has IIom(C/, L) = 0. Write ^ Bun„, ^ Bunp and so on 
for the preimage of a Bun„ in the corresponding stack. 



11 



First, using the compatibilities of P and Q-models, we find an open substack of finite type 
Uh C Buuh large enough such that the sheaf }Ch we are looking for should not vanish over U'^ 
for each b € Z/2Z, where U'^ = Uh n Bun^. We also find a G Z small enough with the following 
property. Let 

We prove that for each b G Z/2Z there is a unique irreducible subquotient KLufi in KLu \jjb with the 
following properties. Let K-h be the intermediate extension of lCu,o © ^u,i under Uh > Bun//. 
Then Theorem [1] holds for this ICh- Moreover, all the other irreducible subquotients of ICy are 
shifted almost constant local systems on Bun// (cf. Proposition llSp. The notion of an almost 
constant local system is introduced in Appendix A. 

Moreover, for any z 7^ and any irreducible subquotient F of ^^'{aK) \uhi ^ be the 
intermediate extension of F under Uh ^ Bun//. Then F is a shifted almost constant local 
system on Bun// (cf. Remark 1 13p. 

Remark 4. Most of our results hold also for k = Fg, the corresponding changes are left to the 
reader. Part 2) of Proposition[2]holds over k algebraically closed only as it uses the decomposition 
theorem ([2], Corollary 5.4.6). 

2.4 In Section 8 we propose one more conjectural construction of the perverse sheaf JCh via 
residues of geometric Eisenstein series. We do not completely check that it indeed produces ICh 
except in cases g = and g = 1. In the present paper, the construction via Eisenstein series for 
us is rather a way to calculate JCh explicitly in these particular cases. 

2.4.1 Case g = Recall that Bun// admits the Shatz stratification indexed by dominant 
coweights A^ of H (cf. Section 8.7). Write Shatz^ for the Shatz stratum corresponding to 
A G A^. For b G Z/2Z write OShf' for the open Shatz stratum in Bun|^. For 6 = (resp., 6 = 1) 
let A = (1, 1, 0, . . . , 0) (resp., A = (1, 1, 1, 0, ... , 0)). We show that for each b G Z/2Z the stack 
Bun|^ —OSh}' is irreducible, and its open Shatz stratum is Shatz^. Call Shatz^ the subregular 
Shatz stratum in Bun^ by analogy with subregular unipotent orbits. 

Proposition 4. Assume g = 0. For each b G Z/2Z one has ICh—> lC{Shatz^) over Bun|^, 
where Shatz'*' is the subregular Shatz stratum in Bun|/. 

2.4.2 Case g = 1 In Section 8.8 we introduce an open substack C Bun^ with the following 
property. Let T C H he the standard maximal torus, W be the Weyl group of {T,H). Let 

: Buujn — > Bun^/ be the natural map. Then over the map z/j. is a Galois covering with 
Galois group W. For an irreducible representation a oi W write for the perverse sheaf on 
Bun//, the intermediate extension under W^j ^ Bun^ of the isotypic component of {i'j')\Qi |yyo 
corresponding to a. Then is an irreducible perverse sheaf. 

Recah that H^(X, //2) (Z/2Z)^. Let : Spec A: Bun]^^ be the map given by 

V= Yl 

aeHi{X,M2) 
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where the symmetric form on V is the orthogonal sum of the canonical forms —> Ox ■ Here 
Aa denotes the line bundle obtained from a via extension of scalars /U2 C Gm- Note that V 
is semistable, it admits no isotropic line (or rank 2) subbundles of degree zero. The map is 
etale, write yVjj^ for its image. Actually, W^^^ classifying stack of (Z/2Z)^. 

Let : Bun}^2 ^ ^™/i'„_2 ~^ Bun^ be the map sending [V, V') to ^ © V', the symmetric 
form being the orthogonal direct sum of forms for V, V'. The restriction of to yVjj^ x W^f^ ^ 
is etale, write Wjj for the image of Wjj^ x W^^ ,^ under 

Recall that the symmetric group Sn is naturally a quotient of W. The standard repre- 
sentation of Sn in Q" by permutations decomposes as © o"n, where an is an irreducible 
(n — l)-dimensional representation. View representation of W. Note that ct„ is also a 

subrepresentation of the standard representation of S02„ restricted to its Weyl group. 

Proposition 5. Assume g = 1- Over Jiun^ the perverse sheaf Kh is isomorphic to Cct„- The 
restriction of KLh under the etale map 

f' : W},^ X W0,_^ ^ Bunjj 

is isomorphic to the irreducible perverse sheaf Qe Kl/3o-„_2- -^'^ particular, over (resp., yV}j) 
the perverse sheaf ICh is a (shifted) local system of rank n — 1 (resp., n — 3). For n = 4 this 
local system over Wjj is of order two. 

Since JCh does not vanish at each generic point of Bun/f , the isomorphism (I12p of Theorem [T] 
in the case g = 1 determines ICh up to a unique isomorphism over each connected component 
of Bun// (cf. Proposition I16p . 

Remark 5. The isomorphism (112p does not hold over the whole of ^ Bunp. Indeed, Proposition [5] 
shows that for g = 1 it does not hold over Buup and ^ Z{e, P). 

2.5 In Section 9 we propose Conjectured] generalizing our construction for other simple algebraic 
groups, which admit a maximal parabolic subgroup with an abelian unipotent radical. Conjec- 
ture U] should lead, in particular, to the geometric analogs of the minimal representations for Eq 
and Ej. 

3. Extended theta sheaf 

3.1.1 Keep notations of Section 2.2. Let ^ be a A:-vector space of dimension d. Recall that 
Sym^(F) is the quotient of V 0V hy the subspace generated by the vectors f i (8) f 2 — ^2 ^ f i , 
Vi € V. Its dual identifies canonically with the space ST^(y*) of symmetric tensors in V* (8" V*. 
View ST^(y*) as the space of symmetric bilinear forms on V. 

Let pv '. V — > Sym'^ V be the map sending v to v (S) v. It is finite, a Galois S'2-covering over 
its image Impv with zero removed. Consider the diagram 

Ai T-^ X y '""^^ V*xSym\V), 



13 



where evy is the natural pairing. Write Fours,^. : T^^iV* x Sym2(l/)) ^ D''(F* x ST2(y*)) for 
the Fourier transform afong Sym^ V . Set 

5; = Four2,v,((id xpv)\ev\rC^)[2d\{d), (23) 

where e stands for 'extended'. This is a perverse sheaf on V* x ST^(y*), and ©(5'^)^S'^_i 
canonically. 

Let a be the automorphism of V of multiphcation by —1. Then a* evyC^-^ evyC*^. Since 
the characteristic is not 2, {eVyC^)®"^ is nontrivial for d > 0, and 

(py X \d)\evyC^[2d\ 

is an irreducible perverse sheaf. Thus, is also irreducible. 

Let i : Speck ^ V* be the zero section. For the map i x id : ST2(y*) ^ V* x ST'^{V*) set 

Then identifies canonically with the perverse sheaf introduced in (|18]. Section 4.1). In this 
sense extends S^. 

Note that S^, is GL(y)-equivariant. Let pv ■■V*x ST^{V*) {V* x ST^{V*))/ GL{V) denote 
the stack quotient. Denote by §^ an irreducible perverse sheaf on {V* x ST2(y*))/ GL(y) 

equipped with an isomorphism py'B^[d'^]{^)'^ S^. The perverse sheaf is defined up to a 
unique isomorphism. 

Remark 6. For b : V ^ V* with b* = b let (3), : V ^ be the map v 1— )• {v,bv). One has a 
usual ambiguity in identifying ST'^{V*) with Sym^(F*), namely, b goes to /^^ or i/?;,. 

3.1.2 Let Qi{V) C ST'^{V*) be the locally closed subscheme of b : V ^ V* symmetric such 
that dimKer 6 = i. Let Q'i{V) C V* x Qi{V) be the closed subscheme of pairs {v*, b) such that 
V* e {V/VoY, where Vq = Ker6. 

Proposition 6. The *-restriction of to V* x Qi{V) is the extension by zero from Q'^{V) of a 
Gh{V)-equivariant rank one local system placed in usual cohomological degree —d+i — d{d+l)/2. 

Proof For b : V ^ V* with b* = b and v* G V* let : V ^ he the map v iH> {v, bv) + {v, v*). 
Let Vo = Kerb and po : V ^ V/Vq he the projection. Then {po)\/3^^,C^ will vanish unless 
V* G (V/Vo)*. 

We are reduced to the case Vo = 0. In this case, over the algebraic closure k, in a suitable 
affine coordinates of V the quadratic form v H- f3b,v* {v) writes as (xi, . . . , Xd) 1-^ xf + . . . + + a 
for some a k. Our assertion follows now from ([18j, Lemma 3). □ 

Let (pv '■ V*xQoiV) A^ be the map {v*,b) \ {v* ,b^'^v*). Here we have viewed b G Qo{V) 
as a symmetric isomorphism b : V^V*. Let qy denote the composition V* xQq(V) — )■ Qo{V) ^ 
ST'^iV*), where the first map is the projection. 
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Proposition 7. There is a canonical isomorphism over V* x Qo{V) 

Proof Let {v*,b) ^ V* x Qo{V) and v £ V. The change of variables w = v + b~^v*/2 gives 
{v,bv) + {v,v*) = {w,bw) — j{b~^v* ,v*). Our assertion follows. □ 

3.1.3 We will need a relative version of the above construction. Let S be a smooth stack locally 
of finite type. Let V — >■ be a vector bundle of rank d. For the diagram as above 

Ai V* xs V '^^^ V* xsSym\V) 

write Four2,v. : D''(V* XgSym^ V) ^ D^(V* xcjST^Cl^*)) for the Fourier transform along Sym^ V. 
By abuse of notation, we also denote 

5; = Four2,v,((id xpv),ev*^C^) ® mm\)f'''"'''^^ (24) 
Note that V yields a morphism of stacks 

av : V* Xs ST2(V*) ^ {V* x ST2(T/*))/ GL(y) 
and (IMl) is canonically isomorphic to a^S^ (g) (Q^[l](i))'^™-'^''l("v). 

3.2 Write G„ for the group scheme on X of automorphisms of Mq = O" © $7" preserving the 
natural symplectic form A^Mq $7. Write = Mq © for the corresponding Heisenberg 
group with operation 

(mi,a;i)(m2,W2) = ("t-i +m2,a;i + wi + ^(mi,m2)) 

The group scheme G,i acts on Hn by group automorphisms so that g € Gn sends (m, w) € Hn 
to {gm,uj). Write an element of G„ = G„ x Hn as ((7, (m,a;)) with g £ G„, (m,tj) € then 
the product in Gn is given by 

{gi,{mi,uji)){g2,{m2,uj2)) = (5152, (5^ Vi, a;i)(m2, W2)) 

Recall the subgroup P„ C G„ (cf. Section 2.2). The stack Bunp^ classifies C G Bun„ and an 
exact sequence — )• Sym^ C — )•? ^ — > on X, it gives rise to an exact sequence — )• £ — )• 
M C* (g)n^O with M G BunG„ . 

3.3 For Section 3.3 we assume k = Fq. Write L = O", this is a lagrangian subbundle in 

Mo = L © L* (g) 

Write S{L* © Q{A)) for the Schwarz space of locally constant Q^-valued functions with 
compact support on L* © Q{A). This is a model of the Weil representation of H„(A), in which 
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the metaplectic extension dTj) naturally splits over ]P^(A.). Tlie purpose of this section is to give 
an explicit formula for the restriction 

(/.P : P„(F)\P„(A)/P„(0) ^ 

of dl]). Recall the character x ■ f^(A)/J](0) Q* given by The action of Pn(A) in 

S{L* (8) il(A)) is given by the following formulas. 

For h € L{K),ll G L* ^{K),uj € J7(A) and / € 5(L* ® il(A)) the action of {h + II, u) G 
Hn{A) on / is the function 

i*eL*0 niA) ^ x{oj + {i*,h) + + ID 

Write A* for the ideles of X. For a G A* write | a |€ for the absolute value of a. For a 
vector bundle W on X and g E GL(W)(A) write | 5 | = | detgi |. 
Let a G GL(L)(A), b G Hom(L* (g, n,L){A). The action of 

5=(o ^,Ii)gP„(A) (25) 

on / is the function 

/* G L*(gn{A) ^ 1 a 1^ X{^{a*l*,b*l*))f{a*l*) 

Let 5 be given by (f25]) and m = Zi + /* G Mo(A), u; G 0(A). It follows that the action of 
{g, {m,u)) G Pra(A) on / is the function 

r G L* ® niA) ^ I a |5 x{l{a*l*,b*l*))xioJ + {a*l*,h) + ^{q, h))f{a*l* + Z]") 

The theta-functional 6 : S{L* (g) il(A)) ^ (cf. Section 2.2) sends / to 

E /(^*) 

i*eL*(g)Q(F) 

Let (/)o be the characteristic function of L* (g) fl{0), this is a unique up to a multiple Hn{0)- 
invariant vector in S{L* (g i7(A)). So, the value of 0p on ((7, (?7i,a;)) G Pn(A) is 

E \a\-2 x{\{a*l*,b*l*))x{u^ + {a*r,h) + ^{ll,h))Ma*l* + l*,) (26) 
i*eL*^n{F) 

One has a canonical bijection 

{£ eBunn{k),a : £{F)^L{F)}^ GL(L)(A)/ GL(L)(0) (27) 
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One also has a canonical bijection 



Bunp„(fc)^P„(F)\P„(A)/P„(0), 

where Jiunf>^{k) is the set of isomorphism classes of P„-torsors on X. Recall that Bunp^ is the 
stack classifying pairs of exact sequences ([3]) and ([4]) on X (cf. Section 2.2). 

Consider a point J-ip,^ S Bunp^ given by this pair of exact sequences and corresponding to the 
double class of {g, (m, w)) G P„(A). We assume that g is given by (f25]l . Let C G Bun„ together 
with a trivialization a : C{F)^ L{F) correspond to aGL(L)(0) G GL(L)(A)/ GL(L)(C') via 

For each closed point x ^ X write Fx for the completion of F at x, write Ox C Fx for the 
completion of Ox at x. For x G X we have a diagram 

L*{Fx) ^ 

u u 

a*"^L*{Ox) ^ 

where the horizonal arrows are isomorphisms. 

Recall that H1(X, ^/:(A)/(/:(F) + £(0)) canonically. In particular, 

R\X, C* 0n)^L* (^n{A)/ {a*-\L* (g)n){0) + {L* 0n){F)) (28) 

The extension ([3]) is given by the image of a*-^ll G L* (g) n{A) in ([28]). Clearly, ([26]) vanishes 
unless there is I* e L* ^(F) with a*/* + /J e L* (gi Q{0). That is, the image of a*"^/J in 
H"'^(X, £* (g) Q) vanishes and ([3]) splits. So, </>p(^p„) = unless ([3]) splits. 

Now it is convenient to assume that /J = 0. Fix a splitting C^fl (B C of ([3]). Since 
(8) Sym^(£) © (ri"-*^ (g) Sym^ £) © the datum of Fp^ becomes a datum of three exact 
sequences ([I]) given by ^ G Il^{X,Q), 

^ Sym^ £ ^? ^ ^ (29) 

given by 7 G R^{X, n-^ ® Sym^ £) and 

0^£^?^O^0 (30) 

given by 5 G H^(X, £). Note that 6 corresponds to the image of /i in H^(X, £), and ^ is the 
image of a; in 0(A)/(f](F) + f](0)). 
Note that 

{/* G L* ® J^(F) I a*r G L* (g 0(O)} ^ H°(X, £* ® ft) 

is a bijection, so 

MJ^¥j= Yl \a\^2 '^{{s®s,j) + {s,S)+uj) (31) 

sGH"{X,£*(g.f7) 
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3.4.1 Geometrization Let fr : Bunp„ — )• Bun.„ be the map sending a pair ^ and to 
C. Write cBun„ C Bun„ for the open substack of £ G Bun„ given by H°(X,/:) = 0. Write 
cBunp,^ C Bunp^ for the preimage of cBun„ under /p. 

Let i^y y c Bunp^ be the stack classifying a point of c Bunp^ as above together with a 
sphtting of ([3]). Note that I'y is a torsor under a vector bundle on ^ Bunp^ with fibre Hom(£, Q). 

The stack y can be seen as the stack classifying £ G c Bun^ and exact sequences ([1]) given 
by ^ G R\X, Q), dSlD given by 7 G R\X, Q-^ ® Sym^ C) and ^ given hy S e R\X, C). 

Let px : X ^ y he the stack over y classifying the same objects as y together with 
s G Hom(£, ri). Let evx : — > be the map sending the above point to ^ + (s (8> s, 7) + (s, 5)- 
It is understood that s (81 s G Hom(Sym^ L, 0^). Set 

i^y ,^ = p^! ei;^£^ (Q41] f - ^ , 

where dim A' is the dimension of the corresponding connected component of X. Then Ky^^ is a 
geometric analog of ([3T|) . 



3.4.2 Let V — t- cBun„ be the vector bundle with fibre Hom(£, fi) at £ G cBun„. The dual vector 
bundle V* — > c Bun„ classifies £ G c Bun„ and an extension (pOj) onX. SetW = Vx^ Bun„ V* . Let 
W2 V* be the stack classifying a point of V* together with an element of Hom(Sym^ £, ^^^). 
Let W| — > V* be the stack classifying a point of V* as above together with an exact sequence 
(f29l) on X. Write Fouryv;,^ : 0(^2) ©(W^) for the Fourier transform over V*. 

Let P2,'w ■ VV — )• W2 be the map over V* sending s G Hom(£, fi) to G Hom(Sym^ £, 
The map P2,w is finite, an 52-covering over the image of Imp2,>v with removed zero section. Let 
evy\j : W — 7- be the natural pairing between V and V*. Then 3^^W| x Bun^ naturally. By 
definition, 

Ky^^^ Fourw,^((p2,w)!e«;V^^) ^ e^Q^^ ® ^ ))dimW+dimBuno 

As in Section 3.1.1, one shows now that Ky^^ is a perverse sheaf irreducible over each connected 
component of 3^, and ^{Ky ^^)'^ Ky canonically. 
There is a natural map 

/w:W2*^V*x^Bun„ ST2(V*) 

defined as follows. The transpose to the linear map Sym^H°(X, £* (g) fi) — Hom(Sym^ £, fi^) 
is a map B^{X,Q.-'' (g) Sym^ £) ST2(h1(X,£)) denoted 7 7. Then /w sends (£,7,5) to 
(£,7,(^). For the perverse sheaf on V* x^Bun„ ST^(V*) defined in Section 3.1.3 one gets an 
isomorphism 

Ky^^^UwS"^ ^ evhC-^) ® (Q,[l](i))dim.rel(/w)+dimBun„ 

Proposition 8. There is a canonical isomorphism over y 
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Proof Let cTn be the preimage of c Bun„ in Tn, and similarly for c2^t„^ c2'2,Tn- Let V2 — > c Bun„ 
be the stack classifying C G c Bun„ and a section 

s :Sym^{C®n) ^ n'^ 

Let hj- : V — 7> V2 be the morphism over ^ Bun„ sending si G Hom(>C, il) to s = s (8) s with 
s = (si, id) : £ © — > ri. Let 2^7- : c Bun„ — > be the map sending C to C = C ® Q. After the 
base change by 1^7-, the diagram 

identifies with the diagram 

\/.r t 
V2 

We have V x^Bun„ y-^-^ naturally. The stacks V2 and y are dual (generalized) vector bundles 
over cBun^, write ev\;y : V2 x^Bun„ 3^ ^ for the natural pairing. The diagram commutes 

Our assertion follows. □ 

3.4.3 Let Up : Bunp^ — )• Bun^^ be the morphism induced by the inclusion P„ G„. We lift 
it to a morphism : Bunp^ Buuq^ sending a point ([3]) and ([4]) of Bunp„ to (fi A Mi,;B). 
Here ;B = detRr(X, C* (g) il) is equipped with the Z/2Z-graded isomorphism 

detRr(X, M) 

given by the exact sequence O^C^M^C*0Q,^O. We have denoted here M = 
where L_i is the orthogonal complement of il. in Mi. 

Recall the open substack ^ Bun„ C c Bun„ introduced in Section 2.2. The restriction i/p : 
^ Bunp^ — )• BunG„ of Uf is smooth, hence i>p : ° Bunp^ — )• Bun^^ is also smooth. 

Recall that Bun^^ is the preimage of Bun^^ under p(Q : Bun^^ — )• Bunc^ . For a point 
{Q C L_i C Ml) of Bun^^ the exact sequence — > — )• L_i — > M — > splits canonically, this 
yields an isomorphism oBunjj ^oBunc x Buuq sending the above point to M = L^i/Q. and 
([1]), which is the push-forward of — )• L_i — > Mi ^ O — )• by L_i fi. This in turn gives the 
isomorphism ([2|). 

Proof of Proposition [I] 
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Write "J for the preimage of Bunp„ under I'y ■ y ^ c Bunp^ . Then vy : 3^ — )• Bunp^ is a 
torsor under the vector bundle V x^Bun„ ^ Bunp^. Since both sides of ([5]) are perverse, it suffices 
to estabhsh an isomorphism over 

Aut; ^i^y,^ (32) 

Write Qy for the preimage of qBuug^ under i>p o uy : ^y ^ Bunc^. Since Ky^-^ is irreducible 
over each connected component of y, and Aut^ is the intermediate extension from qBuug^, it 
suffices to establish the isomorphism ([32]) over q3^. 

Let Bunp^ be the preimage of o Bunc^ in Bunp^ , and similarly for [] Bunp^. 

The stack gBunp^ classifies C G °Bun„, an exact sequence ([T]) given by G H^(X, f2) and 
a point (HI) of oBunp^ given by 71 G }i^{X,Q~^ (g) Sym^£). Now ^y can be seen as a stack 
classifying a point (£,71,^1) G gBunp^ and a section si : £ — )■ (here si gives a new splitting 
of the exact sequence 0^r2^r2©>C— )•£—)■ 0). 

Another description of was given in Section 3.4.1, namely, it is a stack classifying £ G 
°Bun„ and the exact sequences given by ^ G H^(X, Q), ([^ given by 7 G ii^{X,Q~^ (g) 
Sym^ £) and §0^ given by <5 G R\X, C). 

Given a point in the first description of g3^, the corresponding point (£, ^, 7, 5) G in the 
second description is as follows. We have to take the push-forward of 

(71,6) G Ext^(J7,Sym2(/:ef])) 

by e (8) e : Sym^(£ ri) — > Sym^(£ © il). Here e is the automorphism of £ © acting trivially 
on n and whose restriction to £ is (id, si) :£—>£© $7. Thus, 7 = 71, is the push- forward of 
71 by si (8) id + id ®si : Sym^ £ — > £ (g) 17, and ^ = ^^i + (si fg si, 71). 

To simplify notations, we give the rest of the proof at the level of functions, the geometrization 
is straightforward. By ([18], Proposition 7), the LHS of ([32]) at (£, 71,^1,51) G ^y equals 

'^{ii) ^ i/'((n(g)n,7i)) 

ugHom(£,ri) 

and the RHS of ([32|) equals 

^j{i + {-f,u®u) + {5,u))= ^{ii + {{si + u)®{si+u),-ii)) 

MeHom(£,r2) MgHom(/;,Q) 

We are done. □ 

Remark 7. The isomorphism ^ is not canonical, it depends on a choice of an isomorphism in 
(\18\. Proposition 7). 

4. P-MODEL AND THETA-LIFTING 
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4.1 Keep notations of Section 2.3. Let ^"^Bun^ C Bun„ be the open substack classifying U G 
Bun„ such that H°(X, 9.®K^U) = Q. Write Bunp for the preimage of ^"^ Bun^ in Bunp. The 
restriction Bunp Bun/^ of z/p is smooth, hence Bunp Bun/^ is also smooth. 

o 

To see that 5p is smooth, first consider the stack classifying M* G Bun2 equipped with 
an isomorphism detM*^J7~^, a coherent sheaf F of generic rank n — 2 on X and an exact 
sequence — >• M* — t- L — > F ^ on X. This stack is smooth, and its open substack given by 

o 

the condition that L is locally free identifies with Sp. 

o o o 

Proof of Propositionl^The connected components of Zp are Zf, for d £ Z, and Zf, is irreducible. 

The stack Zp^m is smooth for any m > 0. Consider its connected component U contain- 
ing a point 1] = {s : U — )• M',D G X^™)), where U G Bun„, M' G Bun2 is equipped with 
det M' ^ 0,{—D), and s is surjective. One checks that the dimension of this connected compo- 
nent is 

m(l -n) -2degU + (n^ + 3)(g - 1) 

o 

So, the codimension oiU in the corresponding connected component of Zp equals ■m{n — l). The 
fibre of (jlOp over rj is the scheme of upper modifications M' C M such that div(M/M') = D. 
This fibre is connected and its dimension is m. Our assertion follows. □ 

Our construction of JCh is based on the following explicit formula for AntciM- Let fs : Sp — > 
Bunc^ xyp be the map sending {U A M) G Sp to the collection M G Bunc^, {U,v) G yp with 
V : f\^U i7, where {U,v) is the image of {U,M,s) under np : Sp — )• yp. As in Section 2.3.1, 
by some abuse of notation, write 

Fomyp^^ : D^(BunG'i xyp) D"^(BunGi x Bunp) 

for the Fourier transform over Buncr^ x Bun„. The following is an immediate consequence of 
([2nj. Proposition 1). 

Proposition 9. For the map id xz^p : Bunc^ x Bunp Bunc^ x Bun// there is an isomorphism 

(idxz.p)*AutG,,H®(Q4l](^)f'"-'"'=^('^^)AFoury^,^(/5KQ4l](^))'), (33) 

where b is a function of a connected component of Sp whose value at (U, M, s) G Sp equals 
dimBun„ -hdimBunci ^)- □ 

o o 

Note that for the function b from Proposition [9] its restriction to 5p equals dim5p. 
Recall that for a G Z one has the open substack „ Bun„ C Bun„ introduced in Section 2.3.4. 
If a' < a then a Bun„ C a' Bun„ is open. One checks that U a Bun„ = Bun„. Similarly, if a' < a 

then a Bunc^ C a' Bunc^ is open and U a Bung-^ = Bun^^ . For the complex given by ([22]) 
this implies the following. 
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Corollary 1.1) For all a £ 7^ there is an isomorphism over a3^p- 

Fomyl^uUaK) (Q^IK^))'^''"-'-^'^'^-)^ IC(^P) (34) 

o ^ 

2) The isomorphism ^34\ ) still holds over'^yp with aM replaced by P'H^(aK)- 

Proof 1) Consider the restriction ^vrp : Sp XBung^ aBunc^ — )• Zp of the map vrp from Sec- 
tion 2.3.1. For the function b as in Proposition [9l this proposition yields an isomorphism over 
the whole of Bunp 

i^UaK) (Q,[l](^))'ii--i(-^)^ Foury,,4U^p),Q,)[6](^) 
Let us establish a canonical isomorphism 

(aVrp)!Q£[6](^)^IC(2p) (35) 

o o 

over the open substack a3^p of 3^p. Consider a A;-point (s : J7 — )• M) of Sp. Assume U G a Bun„ 
then for any line bundle L on X with deg L < a and any morphism y : M ^ L the composition 
U M ^ L vanishes. Since s is surjective at the generic point of X, y also vanishes and 

_ _ o 

M G aBuncj. Thus, {a'^p)\Q£—>{'^p)\Qi over aJ^P, and (p5]l follows from Proposition [2l Part 

1) follows. 

2) Since up : ^Bunp — )• Bun// is smooth, the functor Four^^ ^ i/p [dim. r el (z^p)] followed by 

o 

restriction to Jj3^p is exact for the perverse t-structures. □ 

The stack Bun„ is smooth, its connected components are indexed by d G Z. Namely, the 
connected component Bun^ of Bun„ classifies U G Bun„ with degU = d. Write Bmip, Buup 
and so on for the preimage of Bun^ in the corresponding stack. 

Write C(e, P) for the set of d G Z such that the stack Bun^ from Section 2.3.1 is nonempty. 
For a G Z write ^Bun^ for the preimage of aBun„ in '^Bun^. Given d G C{e,P), the stack 
^ BunJ^ is nonempty for a small enough. It is easy to see that for d G C{e,P) and g = (resp., 
g > 1) one has d < —n/2 (resp., d < —{g — l)n/2). 

Write Z{e,P) for the set of d G Z such that "^2,% is not empty Clearly Z{e,P) C C(e,P). 

o 

If d G Z{e, P) then %Z'^ is not empty for a small enough. There is = N{g) such that if d < 
then d G Z{e,P). 

o 

Definition 2. Let a, d G Z be such that ^-^^p is nonempty. Then by Corollary [1] and Lemma [1] 
below, there is a unique irreducible subquotient q/C^ of the perverse sheaf P'hP{aK) equipped 
with an isomorphism 

FonTyl^vUalCh) ® (Q,[l](^))"'"'-^^'^'^"^^ IC(2p) (36) 
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over ^yp- The perverse sheaf a^f^ is defined up to a unique isomorphism. We can not conclude 
for the moment that ()36p holds over lyf,, as the LHS could apriori be a non irreducible perverse 
sheaf. 

o o 

li a' < a and a^p is nonempty then ^/-Zp is also nonempty. The open immersion a Bunc^ ^ 
a' Buncj yields a morphism (ji^ a'K, hence also a morphism of perverse sheaves 

a-:pn\aK)^'^n\a'K) (37) 

After applying the functor 

^^^^yl,^ z^p[dim. rel(i/p)] 

o 

followed by restriction to ^J^p, the map a becomes an isomorphism. By Lemma [T] below, a 
induces a natural isomorphism a^ij^ a'^ij- For d G Z{e,P) define a perverse sheaf 

/Cf^ G P(BunH) 

o 

as aA^^ for any a small enough (such that ^Zp is nonempty). We see that /C^ is defined up to 

o 

a unique isomorphism. The perverse sheaf /C^ is equipped with an isomorphism over ^J^p 

Yonr-yl^vUlCU (Q^lK^))'''"'^'^'^''^^ ^ IC(2p) 

Lemma 1. Let f : A ^ B he an exact functor between abelian categories. Let F,F' be two 
objects of A which are of finite length and a : F ^ F' a morphism in A. Assume that R = f{F) 
is an irreducible object of B, and f{a) : f{F) — )• f{F') is an isomorphism. Then F admits a 
biggest subobject Fq such that /(-Fq) = 0, let Fq C F' be the corresponding biggest subobject of 
F' . Then F/Fq admits a unique irreducible subobject Fi, and f{Fi)^R. Define F[ C F' /Fq 
similarly. Then a : Fq ^ Fq and the induced map a : Fi ^ F[ is an isomorphism. We refer to 
Fi as the subquotient canonically associated to {f,F). 

Proof Let G C F be a subobject such that f{G) = and maximal with this property. Let 
Gi C -F be another subobject such that f{Gi) = 0. Write Gi for the image of Gi in F/G, let 
G be the preimage of Gi under the projection F ^ F/G. Then f{G) = 0, so G = G. Thus, G 
is the biggest subobject of F such that f{G) = 0. 

If Fi C F/Fq is an irreducible subobject then f{Fi)^R. Since / is exact this Fi is unique. 
Since a : Fq ^ a(-Fo) is surjective, /(a) : /(Fb) — )• f{a{FQ)) is also surjective, hence a(Fo) C Fq. 
Our assertion follows. □ 

We will see in Section 7 that for all d G Z{e, P) of the same parity the perverse sheaves /C^ 
are canonically isomorphic to each other (cf. Proposition llSp . 

5. Comparison of P and Q-models 

5.1 Keep notations of Section 2.3. The stack Bunpng classifies a point Q of Bunp together 
with an exact sequence on X 

Q^W^U^U'^Q (38) 
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with W £ Buni, U' E Bun^-i. Write z^p^q : Bunpng — > Bung and i^q,p ■ BunppQ — ^ Bunp for 
the natural maps. Write *(Buni x Bun^^i) C Buni x Bun„_i for the open substack given by 

H°(X, U' (^W)= H°(X, a'^U') = Hom(?7', W) = 

(39) 

Hom([/', W(g)n)= H°(X, n (g) A^U') = 

for W G Buni, U' G Bun„_i. Write ^Bunpng for the preimage of *(Buni x Bun„„i) in BunpnQ. 
Our purpose is to prove the fohowing. 

Proposition 10. There exists an isomorphism on ^BunpnQ 

Remark 8. Recall that Kp^^ is perverse over the open substack of Bunp given by H'^(X, a'^U) = 
for a point ([9]) of Bunp, and Kq^^ is perverse over the open substack of Bung given by 
il^{X, W(S>V') = for a point (fT3]) of Bung. The restrictions of up^g and of fQ,p to ^Bunpng are 
smooth, so both sides of ()40p are perverse. We will see in the course of the proof of PropositionfTT] 
below that both sides of (|40p are irreducible over each connected component of *BunpnQ. 

5.2 The stack BunpnQ can also be seen as the stack classifying exact sequences on X 

^ A^U' ^? ^ ^ (41) 

and ()13p . where we denoted by V the corresponding point of Bunjy^ j. 

Write S for the stack classifying a point {W, U') G *(Buni x Bun„_i) together with the exact 
sequences (i38]l and (jlT]) on X. 

Let T be the stack over S with fibre Hom(Ty (8) U',Q). The conditions (j39p imply that 
Ext^{W(^U',n) =0, soT is a vector bundle. The natural projection ^Bunpng ^ 5 is a torsor 
under the vector bundle T*. Denote by 

0^T*^£*^O^0 (42) 

the corresponding exact sequence of O^-modules, so ^Bunpng is the preimage of 1 in 

Let 7q be stack over S with fibre Hom(PF, y (g) 0). The conditions ([391) imply that 7q is a 
vector bundle over S, and for a point of S the sequence is exact 

^ Hom(VF, U'®n)^ Hom(Ty, V' ^Q)^ Hom(VF ® U' , Q) ^ (43) 

Indeed, imply that Ext^{W, U' (g>n) = 0. 

Define a full subcategory (Tq) C P(7q) singled out by the following equivariance condi- 
tion. Let VTq be the vector bundle over S classifying a point of S and ti G Hom(VK, U' Q). 
So, the sequence of vector bundles on S is exact 

O^VTq^Tq^T^O (44) 
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The vector bundle VTq acts on 7q by translations over S. Write ev\;jg : VTq A for the 
map sending {W,U' , §E^,ti) to the pairing of h with Define P^(7^) C P{Tq) as 

the full subcategory of {VTq, e?;y^/3^-i)-equivariant perverse sheaves on Tq. For F € P(7q) 
this means that for the action and the projection maps act,pr : VTq Xs Tq ^ Tq there is an 
isomorphism 

act* pr* F ev'\;j-^C^-i 

whose restriction to the unit section is the identity, and it satisfies the corresponding associativity 
condition. If such an isomorphism exists then it is unique. Write D^(7^) C D^(7^) for the full 
subcategory of complexes whose all perverse cohomology sheaves lie in P^(7q). 

Let Tp be the stack over S with fibre Hom(A^C/, $7). The conditions (I39p imply that Tp is a 
vector bundle over S. For a point of S the exact sequence ^ ^ W U' ^ h^U h?U' 
yields a sequence 

^ Hom(A2[/', n) Hom(A2C/, Q) Hom(W U', Q) 0, (45) 

which is exact because of (f39]) . Let VTp be the vector bundle over S classifyig a point of S and 

vi G Rom{A'^U',n), so 

VTp ^Tp ^T^O (46) 

is an exact sequence of vector bundles on S. 

Write ev\;j-p : VTp — )> for the map sending {W, U' , ([^Tl) . (1381) . iji ) to the pairing of vi with 
dm). As above, one defines the category P^(Tp) of (VTp, euyj^>C^-i)-equivariant perverse 
sheaves on Tp, similarly for D^(Tp). 

Lemma 2. 1) The push-forward of the exact sequence ^6\ ) by the morphism VTp Og given 
by pairing with the extension ( |^i[ ) is canonically isomorphic to the exact sequence ^ O 
£ ^T^O onS dual to 

2) The push-forward of the exact sequence by the morphism VTq — )• Os given by pairing 
with the extension Ii38\) is canonically isomorphic to the exact sequence 0^O^£—>T—>0 
on S. 

Proof 1) Duahzing (Jl3]) one gets the exact sequence -^il^{X,W U') H^(X, W (^V) ^ 
H^(X, 1^ ® U'*) — )• on 5. Part 1) follows from the fact that BunpnQ is the stack classifying 
U', W as above and exact sequences a'^U' -^7 O ^ 0, ^ W -^7 V ^ on X . 

2) Dualizing (05]) one gets the exact sequence il^^X, W(g>U') il^{X, A^U) H^(X, A^U') 
on S. Part 2) follows from the fact that BunpnQ is the stack classifying U',W as above and 
exact sequences A^U ^? ^ O ^ on X. □ 

As above, define {£) as the category of perverse sheaves on £ which are {0,C^-i)- 
equivariant, similarly for the derived category D^(£). Lemma [2] yields canonical equivalences 

D^(rp) ^ D^(^) ^ D^{Tq) 
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exact for the perverse t-structures. 

The Fourier transform Four^-^^ : D^{S)^ D^{S*) yields an equivalence between the full 
subcategories on both sides 

Four^,^ : D^(^) ^ D^rBunpng) 

5.3.1 Let 7q be the stack classifying {W, U') G *(Buni x Bun„_i), an exact sequence (|1T|) on X, 
and t G Hom(W^, F' ® O). Here V G Bun//„_-^ is given by ([^T]). The projection Tq yq is 
smooth, we set 

TZq = Tq Zq 

Define the partial Fourier transform along Hom(VF, U' (S) ^2) as the following equivalence 

FourQ,^:D^(rQ)^D'^(rQ) 

Notation. Write (a) for an exact sequence ([^T]) . (7) for an exact sequence ([38|) . 
Consider the diagram 

A\ 

where oq sends h G Hom(W; U' ft), {W, U', t, a,-/) eTq to {W, U', a, t + h) £ Tq. The map 
Pq sends the same collection to {W, U' ,t,a,'y) G Tq. The map evvjQ sends the same collection 
to (ti,7). Then 

FourQ,^(K) = (pQ^ia^QK ev^yr^C^) ® (Q,[l](^))d'--^'('^«) 

Let prg : Tq ^ Tq he the projection forgetting (7). Note that (prg)! : D^(7q) ^{Tq) is 
quasi- inverse to Fourg^^. 

5.3.2 Let Tp be the stack classifying {W, U') G ^(Buni x Buun-i), an exact sequence (p8]) on X, 
and t> G Hom(A^C/, 0). The projection Tp — > 3^p is smooth. Set TZp = Tp xy^ Zp. 

Define the partial Fourier transform along Hom(A^[/', il) as the following equivalence 

Fourp,^, :D^(7p)^D^(rp) 

Consider the diagram 

Tp?^ VTp^sTp "-^Tp 

where ap sends vi G Hom(A2f7', il), (1^, C/', u, q, 7) G 7p to {W,U\v + ^1,7) G Tp. The map 
Pp sends the same collection to iW, U', v, a, 7) G Tp. The map ev\)j-p sends the same collection 
to {vi , a) . Then 

Fourp,^(K) = {pp),Xa*pK ® ev*yrp^^) ® mi]i^)f'^-''^"-^^^ 
Let us reduce Proposition [10] to the following result, whose proof is found in Section 5.5. 
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Proposition 11. There is a canonical isomorphism in T) {£) 

eq FourQ,^(IC(r^Q)) ^ ep Fourp,^(IC (T^p)) (47) 

Proof of Proposition [721 

It is formal to check that one has canonical isomorphisms 

Fourf,v> epFourp,^(IC(rZp))^i/^_pi^P,^ ^ (Q£[l](^))'^''""^^("'3'^^ 

and 

Four^,^6QFourQ,^(IC(fZQ))^I.|>,Qi^Q,^ (Q4l](i))dim.rel(.p,Q) 

Our assertion follows now from Propsitionllll □ 

Remark 9. i) Let ^'^Zq C Zq be the open substack given by the condition that W ^ V ®^ 
is a subbundle. We set 

I Zq= Iq Xy^ 

Since ^"^Zq is smooth, ^"^TZq is also smooth. The conditions (j39p imply that "'^TZq is dense 
in TZq. So, IC(T2^q) is the intermediate extension from '^'^TZq. 

Recall that Zp^ C 2p denotes the open substack given by the condition that v : A^U — t- J7 
is surjective. We set ^'"^TZp = Tp Xyp Zp^Q. The conditions (f39l) imply that ^'"^TZp is dense in 
TZp. So, lC{'TZp) is the intermediate extension from "'^TZp. 

The connected components of ^"^TZp are given by fixing the degrees of W, U' . The connected 
components of ^"^TZq are also given by fixing the degrees of W, U'. 

ii) The open substack of ^^TZq given by the condition that the composition W \ V' ® ^ ^ 
U'* (g) 17 is a subbundle is dense in ^'"^TZq . 

Similarly, the open substack of ^"^"TZp given by the condition that the composition W(SiU' ^ 
/\^U A $7 is surjective is dense in '^'^TZp. 

5.4 Let °r C r be the open substack classifying {W, U' , 0,7) £ S and s : W ^ U'* (g) 17 whose 
image is a rank one subbundle in U'* (g) n. Let °7q (resp., °7p) be the preimage of "^T under 
the projection Tq ^ T (resp., under Tp ^ T). 

Define a closed substack C by the following conditions. A point {W, U', a, 7, s) of 
as above yields an exact sequence 

^ U^_2 -^U' AW*^n^O (48) 

It induces the surjections U'* (S>W U'*_2 ® W and K^U' U^_2 ®W* (S>il, of Ox-modules. 
Then is given by the conditions 

• the image of (7) under H^(X, U'* ®W) ^ H^(X, C/;*_2 ^ W) vanishes, 

• the image of (q) under H^(X, A^U') H^(X, U^_2 ®W* ^Q) vanishes. 
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Write (resp., ^Xp) for the preimage of under °7q °T (resp., under °7p °T). 
Stratify by locally closed substacks ^Xi indexed by i > and given by the condition 

dimHom(C/;_2,W^) = i 

Write ^XQ,i (resp., ^Xp^i) for the preimage of in ^Xq (resp., in ^Xp). 

Lemma 3. The restriction of FourQ^^{lCYZQ) ^Tq is the extension by zero under^ Xq ^ ^Tq 
of a perverse sheaf. This perverse sheaf is smooth along the stratification of^Xg by ^Xq^i, and 
its *-restriction to the stratum ^Xq^i is a shifted rank one local system. 

Proof A point of S gives rise to the diagram, where the top line is an exact sequence 
^ Rom{W, U' ^n)^ Hom(H^, V'^Q) A Rom{W ® U', Q) ^ 

i q 

Hom(PF2,02) 

For s € Hom(PF (Si U',Q) the restriction of q to the affine subspace /3~^{s) is affine, and the 
underlying linear map Hom(VF, U' <Si ^) ^ }lom{W, W* (8) f^^) is given by the composition with 
2s G Rom{U' 0n,W* ^n"^). 

Let (W, U' , a, 7, s) € be such that the corresponding fibre of the composition 

is non empty. Then there is t : W ^ V il, extending s : W ^ U'* (8) ^2 such that the image 
of t is isotropic. The map s gives rise to the exact sequence psj) . Write for the orthogonal 
complement of U^_2 in V, so U^_2 ^ ^'n ^nd U'^ G Bun„. Moreover, U!^/U'^_2 G Bun//^, so one 
has a canonical decomposition 

as a sum of isotropic subbundles. We get the diagram 

\ * t (49) 

where the vertical arrow is the inclusion as an isotropic subbundle. This shows that the image 
of (a) under Yi^{X, A^C/') ^ H^(X, U'^_2 ®W* vanishes. 

Now the fibre of aQ^(f Zq) ^ Tq over {W, U' , a, 7, t) is the scheme of ti € Hom(H^, U' ^ 
such that the image of t + ti : W ^ V ^ Q is isotropic. Using the exact sequence 

^ c/;_2 (^w* ^n^w* ^u' w-^ ^0, 
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one identifies this scheme with H*^ {X, U'^_2® W* (g) . For any such ti , the image of t + 1 1 is an 
isotropic subbundle in V' ® VL. So, one has to integrate over Hom(Ty, U!^_2 ® ^) the restriction 
of mider the composition 

Hom(l^, C/;_2 (^n)^ Hom(PF, U' (^Vt)^ 

This local system is trivial iff the image of 7 under Yi^{X, W®U'*) ^^{X, U'*_2®W) vanishes. 
Note that Hom(Ty, U'^_2 ® J])*^H^(X, U'*_2 ® W), and 

xiu'rU ^w) = x{w ® u'*) - x{w^ ® ^-^) 

is fixed on each connected component of ^T. So, the stratification of by ^-^i, i > coincides 
with the one given by fixing dimH°(X, U^_2 ^ W* (g) fi). □ 

The stack is smooth, its connected components are given by fixing the degrees of W, U' . 

Lemma 4. Consider a connected component C of given by degU' = au , degW = aiy. 
Assume Ofj < and aw sufficiently small compared to au (it suffices to require {n — 2>)aw < 
au + {n — 4)[g — 1) and aw < — 2j. Then the open substack of C given by Hom(?7^_2, W) = 
is non empty. 

Proof Write B for the connected component of Buni x Bun„_i given by deg W = aw,deg U' = 
au- Write V for the stack classifying C/^_2 ^ Bunn-2, W € Buni with deg = «!7 + aw — 
{2g — 2), deg W = aw, and an exact sequence ([18]) on X. The stack V is smooth an irreducible. 

For a point of V one has (g U'*_2) ^ 0. So, the open substack C V given by 

Hom(?7^_2, W) = is non empty. 

Let qB C B he the open substack given by }1^{X,W U'{x)) = for any x ^ X. Under 
our assumptions, for {W, U') £ B one has x(W ® ^'i^)) ^ 0) so qB is nonempty. The stack qB 
is contained in the image of the map V ^ B sending the above point to (Wi U'). So, ^ is 
dominant. Write ^B <Z B for the preimage of ^(Buni x Bun„_i) in B. Assume ^B non empty. 
Let ^ = £^~^{^B). Since V is irreducible, °P n is non empty. Our assertion follows. □ 

Lemma 5. The restriction o/Fourp,^(IC-j-2p) ^Tp is the extension by zero under^ Xp — t- ^7p 
of a perverse sheaf. This perverse sheaf is smooth along the stratification of^Xp by ^Xp^i, and 
its ^-restriction to the stratum ^Xp^i is a shifted rank one local system. 

Proof Consider a point (VF, [/', a, 7, s) € such that the fibre over this point of the composition 
ap^{TZp) ^ Tp — > T is non empty. Then there is v : K^U VL extending s : U' ®W ^ Vt such 
that ([/, w) G Zp. The map s gives rise to the exact sequence (HHj) . 

Note that {U,v) G -2^p,0) that is, v : A^f/ — )• J7 is surjective, because its restriction to 
U' ® W is already surjective. This point of Zp^o gives rise to M S Bun^j with an exact 

sequence Un-2 U A M — > such that v = A^s. By our assumption, the composition 
W ^ U ^ M ^ M* (g) 17 —;>[/* (g) O is a rank one subbundle, so C M is also a subbundle, 
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and we get a diagram 



0^ W ^ M ^ W*0n 

t id t 5 t s 

0^ W ^ U ^ U' 

t t 

This diagram induces an isomorphism C/„_2^?74-2i image of (7) in 'R^{X,U'*_2 ® W) 

vanishes. So, the fibre of ap^{T2p) ^ Tp over {W, U' , a, 7, v) € "Tp identifies with the scheme 
of sections U^_2 — > U making the following diagram commutative 

^ U ^ U' ^0 

\ t 

The group Hom(C/^_2, VF) acts freely and transitively on this fibre. The local system evl,j-^C^ 

changes under this action by the character Hom(C//j_2, W) C Hom(A^C/', il) A^. This charac- 
ter is trivial iff the image of Q under li^{X, A^C/') ^ i{^{X, W* O U'^_2 «> J^) vanishes. Clearly, 
over the locus of ^Tp^i one gets a shifted rank one local system. □ 

5.5 Proof of Proposition [77] 

5.5.1 By Remark[9]ii), the perverse sheaf Fourg ,^(IC(T-Eq)) is the intermediate extension under 
^Tq Tq, and Fourp^^(IC(T^p)) is the intermediate extension under ^Tp ^ 7p. So, it suffices 
to establish (gT]) over ^£ = S xr^T. 

First, let us define a full subcategory F^{T X5 ^Bunpng) C P(T X5 ^Bunpng). Write 
6^7- : T X5 T*Xs — ?• for the natural pairing between T and T*. Recall that "^BunpnQ — >■ 
5 is a torsor under T*. As in Section 5.2, one defines the category P^(T X5 "^Bunpng) of 
(T*, eu7-)-equivariant perverse sheaves on T X5 ^Bunpng. Similarly for the derived category 
D^(rx5^BunpnQ). 

One has a canonical equivalence 

e:D^(£-)^D^(rx5"BunpnQ) (51) 

exact for the perverse t-structures. It is characterised by the following. Write ev£ for the 
composition 

8 xs ^Bunpng ^ £ Xg £* ^ A\ 

where the second map is the natural pairing. Then ()5ip sends K to the complex K' equipped 
with an isomorphism pi^K (g) ev*^C^^ {qs x id)*i^'[l](|), where :£"—>■ T is the natural 
surjection, and pr^^ : £ X5 ^BunpnQ — >■ £^ is the projection. Such K' is defined up to a unique 
isomorphism. 








(50) 
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5.5.2 Let us define a morphism 

evQ^i : '^Xi xs *BunpnQ 

Consider a point of ^BunpnQ given by ([/', W, q, 7, s) G '^Afj and an exact sequence 

giving rise to ^ E *BunpnQ. Since the image of a in H^(X, C/^_2 W^* f^) vanishes, we amy 
pick a hfting of s to t : W ^ V such that the image of t is isotropic. Such t is defined 
uniquely up to adding an element ti G Hom(Ty, L'^_2 (8) i^). The map evq^i sends this point to 
the pairing of t with This is well-defined, because the image of 7 in H^(X, C/^*_2 TV) 

vanishes. 

Let us define a morphism 

evp^i : xs ""BunpnQ ^ 

Consider a point of x^ *BunpnQ given by {U' ,W, a,^, s) G ^Xi and an exact sequence ([9]) 
giving rise to V G ^Bunpng. Since the image of 7 in H^(X, U^__2 ^ ^) vanishes, we may pick 
a lifting v : K^U ^ of s such that {U,v) G ^p,o- Such v is uniquely defined up to adding an 
element vi G Hom(f/4_2, IV) C Hom(A2;7', J7) C Hom(A2[7, il). Let eup^j send this point to the 
pairing of v with ([9]). The result is well-defined, because (fi,a) = 0. Note that evp^i = evq^i. 

5.5.3 The *-restriction of eeq FourQ^^(IC (T^q)) to ^Xi x^^BunpnQ identifies (up to a shift and 
a twist) with evg-C^. The restriction of eep Fourp,^(IC(T^p)) to ^Xi x^^BunpnQ identifies 
(up to a shift and a twist) with ev*p^C^. 

After applying e, it suffices to establish (j47|l over °T X5 ^Bunpng. For each connected 
component oi^X there is i such that ''^Yj is dense in this component. This concludes the proof 
of Proposition [TTJ 

5.6 POINTWISE EULER CHARACTERISTICS Note that the maps i^p : ^Bunp Bun// and i^q : 
" Bung Bun// are surjective. 

Proposition 12. There is a function Ejc : Bun//(/i;) — )■ Z with the following properties. 
1) For any k-point rj G "^Bunp over V G Bun//(/[;) one has 

x{Kp,^ I,) = (-l)d---H-p)i^^(y) 
For any k-point rj G "Bung over V G Bun//(A;) one /zas 

Proof For r > 1 consider the stack D,. classifying collections: {Wi C C/i C V) G ^Bunpng for 
I < i < r, here G Buni, Ui G Bun„, V G Bun//, and inclusions C C/j+i whose image is a 
subbundle such that (VFj C C/j+i C F) G ^Bunpng for 1 < z < r. 

Let fr-Vr^ Bunp xbuhh Bunp be the map sending the above point to (C/i C V,Ur C V). 
The union of the images of fr for all r > 1 contains Bunp XBun^*^ Bunp. If (U ClV,U'ci V) is 
in the image of some fr then, by Proposition [TOl the pointwise Euler characteristics of Kp,^ at 
([/ C V) and ([/' C V) coincide. Since up : "^Bunp — > Bun// is surjective, part 1) follows. 
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Let gr : T>r ^ Bung XBuni^ Bung be the map sending a point of to (Wi C V, Wr C V). 
Using Qr one similarly proves part 2). □ 

6. Comparison of P and i?-MODELS 

6.1.1 Keep notations of Section 2.3. Recall that Bun^ classifies V G Bun// and an isotropic 
subbundle U2 C V with U2 € Bun2. Write V-2 for the orthogonal complement of U2 in V, so 
V = V^2/U2 G Bun//^_2. Let ^''"(Bun2 x Bunj/^ ^) ^ Bmi2 x Bun//^^ ^ be the open substack 
given by 

H°(X,J]® A^C/s) = Yi^{X,n®U2®V') =0 

for (C/2, y) G Bun2 x Bun//„_2. Let "^"^ Bunj^ be the preimage of '*™'(Bun2 x Bunj/^.j) in Bun/j. 
Recall the map vr : Bun/j — )• Bunj/ from Section 2.3.3. The restriction ^'^ Bun/j — )> Bun// of 
is smooth. So, ^ Bun/j ^ Bun// is also smooth. 

The map //j : 3^/? — )■ Bun/j is a vector bundle over the open substack Bun/j. 

6.1.2 Write R for the quotient of R by the center of the unipotent radical of R. The stack Bun^ 
classifies V' G Bun//^_2, f/2 G Bun2 and an exact sequence 

Q^U2^V-2^V' (52) 

Write for the stack classifying a point of Bun^ as above and an exact sequence on X 

^ A^U2 ^? ^ O ^ (53) 

Then is a group stack over Bun^, it acts on Bun/j over Bun^ as follows. If an i?-torsor 
on X is given by a collection [U2 C V) as above, the sheaf Aj^ of automorphisms of J- acting 
trivially on T xj^R identifies canonically with A^C/2- The action map XBun^ Bun/j Bun/j 
sends (T. (|53p ) to J-" x_4^ J^', where J-"' is the ^j^-torsor given by (j53p . In more elementary 
terms, T Xjs^j, T' is given by the exact sequence — )• y_2 ^ F ^ [/| — )• 0, which is the 
sum of — > V-2 — )• y — >■ C/| — 7> with the push-forward via C/2 C VL2 of the sequence 
^ C/2 ^? ^ C/2* ^ given by (|53]). 

Write a/j : x Bun^ 3^J? — > 3^J? for the action map defined similarly. This action on a point 
(IJ2 C V, V2) G yR does not change V2 : A^C/2 — )■ il. 

As in Section 2.3.3, we write Bun^, ^yji and so on for the preimage of '^(Bun2 x Bun//^_2) 
in the corresponding stack. The projection ^y^ ^ Bun^ is a vector bundle. One checks that 
^ Bun/^ ^ Bun^ is a torsor under this vector bundle (for the above action). 

Write evR : ^Bun^ 3^/?, for the map sending {U2 C V^, t'2; ([53]) ) to the natural pairing 

of V2 with ([53]) . 

As in Section 5.2, one defines the category P^("'3^/j) of (3^^, eu|j>C^)-equivariant perverse 
sheaves on "'J'/j. This is the category of perverse sheaves F on "^yR equipped with an isomor- 
phism 

a*RF'^ pr2 F (g) ev*RC^ 
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over '^y^ ^Bun^ whose restriction to the unit section is the identity, and satisfying the 
corresponding associativity condition. Write D^i^yn) C I^^i^yn) for the full subcategory of 
complexes whose all perverse cohomology sheaves lie in (J"yR). 
The Fourier transform 

Four«,^-i : D^(-BunR):^ D^fJ^K) (54) 
is the following equivalence. Consider the diagram 

"J^i??^ yRXBnn^'^yR '"-4 ^yR ^-4 BuUr 
]r evR 

where pa is the projection. We set 

Four«,^-i(i^) = ipR)iiay*RK ® ev*RjC^) ® (Q,[l](l))d---K/«°a«) 

It is exact for the perverse t-structures and the functor {fR)\ : {^yR)-^ D^C^Buuij) is 
quasi-inverse to Four^ .^-i . 

One similarly defines the category T> {^yR). Note that for any K G P ("'[Vi?) one has 

o 

{jR)\*{K) G V^i^yR) for the open immersion jr : yR ^ yR from Section 2.3.3. 
6.2.1 THE MAP eR 

Given a vector bunbdle on X, a line bundle ^ on X and a symplectic form A^A^ — )■ A-, we 
write H{M.) = © ,4 for the Heisenberg group scheme on X with operation 

(mi,ai)(m2,a2) = (mi +m2,ai + 02 + ^(mi, 777,2)) 

(The line bundle A is usually clear from the context, and we omit it in our notation). 

Given {U2-,V') € Bun2 x Bunj:/^_2, the vector bundle U2 ® V is equipped with a natural 
symplectic form 1\^{U2®V') so one gets the corresponding Heisenberg group H{U2®V'). 

Now Bun^ identifies canonically with the stack classifying {U2-,V') G Bun2 x Bunj^^ ^ ^'^'^ 
a torsor on X under the group scheme H{U2 (8) V). 

Write Mod2 for the stack classifying U2 G Bun2 with an upper modification S2 '■ U2 "-^ M, 
here M G Bun2 and S2 is an inclusion of coherent Ox-modules. 

Consider the stack Mod2 XBun2Buni^ classifying (U2 C V) & Bun^^ and {s2 ■ U2 ^ M) G 
Mod2. Let us define a morphism 

eR : Mod2 XBuna BuuR Bun^ 

For a point of the source write V = V-2/U2-, where V^2 is the orthogonal complement of U2 in 
V. The map S2 yields an inclusion of coherent Ox-modules H{U2®V') C i?(M(2)F'), which is a 
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homomorphism of group schemes over X. View {U2 dV) ^ Buiii? as a triple {U2, V , F), where 
J-" is a torsor on X under H{U2®V). Let J- be the torsor under H{M ®V') on X obtained from 
F by the extension of the structure group H{U2 ® V) H{M ® V). Then (M, V , P) G Buur 
is given by some pair (M dV) ^ Bun/j. By definition, cr sends {U2 <ZV,U2 C M) to (M C V). 

Remark 10. Let {U2 <ZV,U2 ^ M) G Mod2 XBun2 Bunj? and (M C V) be its image by cr. Let 
[/ C y be an isotropic subbundle of rank n such that U2 C U . Define U' by the exact sequence 
^ ?72 ^ [/ ^ [/' ^ 0. Let 

O^M^f/^C/'^O (55) 

be the push-forward of the latter exact sequence by S2 U2 ^ M. The point (C/ C F) G Bunp 
is given by an exact sequence ([9]). Let 

^ A^f/ ^? ^ O ^ (56) 

be the push-forward of this exact sequence by f\^U ^ A^C/. Then (j56p together with M C f/ is 
a point of Bunpni? whose image in Buur identifies canonically with (M C V). 

6.2.2 Recall the stack Xr from Section 2.3.3. Let us define a morphism 

PR-'^R^ BunG2„_4 

To do so, we introduce the following. 

Definition 3. Given {U2 CV)(z Bun/j, the vector bundle U2®V is equipped with a symplectic 
form a2([/2 ® y) ^ A^U2. Consider then Mi = (Sym^ f72)^/ Sym^ [/2, where (Sym^ f72)^ is 
the orthogonal complement of Sym^ U2 in U2 V. So, Mi is equipped with a symplectic form 
A^Mi — 7- A^J72 and a line subbundle A^[/2 C Mi. We will refer to Mi with these structures as 
the symplectic- Heisenberg bundle associated to {U2 C V) £ Bun/j. 

Consider a point {U2 C V,U2 ^ M) G here M is an upper modification of U2 G 
Bun2 equipped with det M^ri. Let (M C V) € Bun^ be the image of this point under eR. 
By definition, pR sends the above point of Xr to the symplectic-Heisenberg bundle (det M C 
Ml) associated to (M C V). Since we are given an isomorphism detM^il, this symplectic- 
Heisenberg bundle is a point of BunG2„_4- Moreover, by ([19], Lemma 1), for the above point of 
Xr one has a canonical Z/2Z- graded isomorphism 

det Rr(X, M (g) y ) ^ det Rr(X, V' f ® det Rr{X, M)^"-^ (g, det Rr(X, O)^-^" (57) 

We lift PR to a morphism (fT5]l sending the above point of Xr to the collection (il C Mi,Bi), 
where 

^1 = det Rr{X, V') det Rr(X, M)"-^ ^ j^p^j^^^ 0^4-2n ^^g^ 
and is identified with detRr(X,Mi) via (IHT]) . 
6.3 The stack Bunpn/? classifies exact sequences 

0^U2^U^U'^0 (59) 
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and ^ on X with U' G Bun„_2,?72 G Bun2. Write i^p^r : Bunpni? — ^ BuriR and I'R^p : 
Bunpni? ~^ Bunp for the natural maps. 
We have a diagram 

t t (60) 

'"O^R Xbuiih Bunpnij ""^"^ ""Af^ XBun^ Bunpnp Bunp^^,^, 

where the map i'p^r is defined as follows. Given a collection 

{U2CU C V,S2 :U2^M, detM^Q) G ""Xr xgun^ Bunpnij (61) 

let §E) be the push-forward oi ^ U2 ^ U ^ U' ^ hy S2 : U2 ^ M. Let (M C F) G Bunp 
be defined as in Section 6.2.2 and (J7 C Mi) be the symplectic-Heisenberg bundle associated 
to (M C V). Then C = {M (g) U)/SYm^M is a lagrangian subbundle in Mi, it fits in the 
exact sequence ^ with C = M®U'. One checks that the element of Ext^ (£, Vl) ^ Ext^ ([/', M) 
corresponding to ([3]) is given by ([55]) . By definition, i^^p sends (fHTIl to (i7 C £ C Mi) G 
Bunp2„_4. 

Lemma 6. T/ie ri^/i^ square in i fgOj) is canonically 2-commutative. 

Proof For a point ([61]) let i3 = detRr(X, M [/') and let Bi be defined by Recall that 

y' = V-2/U2, where V-2 is the orthogonal complement of U2 in V. We must upgrade the natural 
isomorphisms detRr(X, M V')^ Bf to a compatible isomorphism B^Bi. 

By ([20], Lemma 1), there is a canonical Z/2Z-graded isomorphism 

det Rr(X, M)"-2 ^ det Rr(X, U'f (g) det Rr(X, Q det C/') 
^ det Rr(X, det [/') ^ det Rr(X, 0)2"-4 

Applying ([20j, Lemma 1) to the exact sequence U' ^ V' ^ U'* ^ 0, we get the isomor- 
phisms 

det Rr(X, V') ^ det Rr{X, U') O det Rr(X, U'*) ^ det Rr(X, U') O det Rr(X, U' (gQ)^ 

det Rr(X, U'f det Rr(X, n ® det U') ® det Rr(X, det U')'^ 

They yield the desired isomorphism B^Bi. □ 

Recall the stack ''(Bun2 xBunp^_2) from Section 2.3.3. Write ''Bunpnp for the preimage 
of ''(Bun2 X Bunp„_2) under the map Bunpnp — >■ Bun2 x Bunp^_2 sending {U2 C U C y) to 
{U2,U' CV). 

The restrictions of i'p^r and of i'r^p to Bunpnp are smooth. For a point (j6ip the conditions 
(fT6l) imply ll^{X, Sym^(M (g U')) = 0, so tr^p restricts to a morphism 

^,R '■ ^^R XBurijj Bunpnp ° Bunp2^_4 
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To prove Proposition [3l we establish an explicit formula for the restriction of (jl9p under the 

o o 

smooth projection pr^ : '^y^ XBun^ ^ Bunpnfl ^ ""J^i?- By definition of ^ Bun^j, the latter map 
is surjective. 

Recall the stack Sp from Section 2.3.1. The stack Bunpni? XBurin^p classifies {U2 C U C 
V) G Bunpnfi and a section s : U ^ M with M G Buncj. Let Wr C BunpnJ? XBun^^p be 
the open substack given by the condition that the composition [/2 ^ C/ A M is an inclusion of 
coherent Ox-modules (this composition is denoted S2). 

Write VVij C Bunpn_R XBun„3^p for the open substack classifying {U2 C C/ C F) G Bunpn^ 
and V : f\^U — > $7 such that the composition K^U2 f\^U A J7 is non zero (this composition 
is denoted ^2). Let vrw; : Wr — > Wr be the morphism over BunpnR given by t; = A^s. Write 
evyj^ : Wr for the map sending the above point to the pairing of v with the exact sequence 

([9]) defining V. We get a diagram 

Wp "A Wr ^A S^pXBun^Bunpnp 

i pry 

O 

yp 

where p^y sends a collection {U2 C U cV,v)£ Wr to {U2 C U C V,V2 ■ A^C/2 — )• 0,), here V2 is 

_ o 

the restriction of v to A^C/2- We have denoted by pr-y : Wr yp the projection sending the 
above point to {U,v). 

° b 

Proposition 13. Over ^y r xbuii/j Bunppp the complex 

prt(7rp),/5jjAut;®(Q4l](^))'^^--^i('^«)+'^'--^i(P'-i) (62) 

identifies with 

Py,,{ev*^^C^®W*ylC{Zp)) ® (63) 
Proof By Proposition [H diagram (160p yields an isomorphism between (1621) and 

(vrp X id)!l^|,p/^p,„_„^ ® (Q4l](i))dim.rel(^,H) 

° L 

over '^yR XBunji Bunpnp. By definition of -ftrp2n-4,V" ^^^^ latter complex identifies canonically 
with 

Pmii^wm ® ev*^^C^) ® (Q£[l](^))'^'"^^« 

By Proposition m we have 7rw!(Q4l](^))'^'°'^« ^ prj; IC(Zp) ® (Q£[l](i))d™-'^^i(P^y). We are 
done. □ 

Write ""^Bunpnp for the preimage of Bunp under vp^R : Bunpnp — )• Bunp. As in Sec- 
tion 6.1.2, one defines the category P^(3^p XBun^ Bunpnp) of {yp, ew|j£^)-equivariant per- 
verse sheaves on yp XBun^ '"''Bunpnp, and the corresponding derived category 

D^(3;pXBunH"'^Bunpnp) 



36 



As for one defines an equivalence exact for the perverse t-structures (denoted by the same 
symbol by a slight abuse of notations) 

FourH,v,-i : D^C^^Bunpnij) ^ {yp XBun« Bunpnfi) 

The functor (/p x id); : 0^(3^^ XBun^ "'''Bunpni?) — > D^C^^Bunpnij) is quasi-inverse to the 
latter equivalence. 

Proposition 14. 1) The complex ^63\) is canonically isomorphic to the restriction of 

Four^,^-i z.^,pKp,^ (S> (Q4l](^))'''"-"'^^«'"^ (64) 

° b b b 

to the open substack '^yRXBuuR Bunpnp ^ yRXBunji Bunpnp. Here ur^p : BunpnP ^ Bunp 
zs i/ie natural map. 

2) Over each connected component of yR XBnnji "'''Bunpnp the complex [64\ ) is an irreducible 
perverse sheaf 

Proof 1) This follows formally from the properties of Fourier transforms. Indeed, one calculates 
the Fourier transform over the vector space Hom(A^[/, il) composed with the backwords Fourier 
transform over 

2) The map i^r^p ■ '^^ Bun/jnP ^ Bunp is smooth, and piCp^^, [dim. rel(z^ij^p)] is an irreducible 
perverse sheaf on each connected component of '^^ Bun/jnP • D 

Proof of Proposition [21 

Since pr^ : "'J^p XBun^ Bunpnp ^yp is smooth and surjective, it suffices to show that (|62]) 
is perverse. This follows by combining Propositions [13] and [TH □ 

Corollary 2. Ot'er Bunpnp there exists an isomorphism 

iy*R,pKp,^ (Q,[l](^))^^---^('^«-^)^r.|,,pi^p,^ ^ mi]{^)f^-'''^'"''"^ 

Proof Combine Propositions [T3| [TH and use the irreducibility of ()64p on each connected com- 
ponent of yp XBurifl '"^ Bunpnp. □ 

7. The perverse sheaf ICp 

7.1 Note that the results of Section 4 hold over a suitable finite subfield of fe, in particular the 
perverse sheaves a^p- admit a Weyl structure for this finite subfield of k. In Sections 7.1-7.4 we 
assume that the ground field is k = ¥g. 

Recall the stack a Bunc^ defined in Section 2.3.4. For a < min{2g — 2, 0} let un,a Bunc^ be 
the stack classifying a line bundle L with deg(-L* 0,) = a and an exact sequence — )• L — t- 
M — )• L* (g) — > on X. The map un,a Bunc^ Bunc^ sending the above point to M is a 
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locally closed immersion. Moreover, if a < inm{2g — 2, 0} then U un,b Bung^ is a stratification 

b<a ' 

of Bunci - a Bunci . 

Write a^H C Bun/^ for the open substack of ^ E Bun// such that for any L G Buni with 
degL < a one has Hom(y, L) = 0. The stack a^^H is of finite type. 

Lemma 7. For a < m.m{2g — 2,0} the *-restriction of Autci^H to ^jn^aBunc^ ^a^^H identifies 
with 

Q^fdimBunci,// -2n{g - 1 - a)] 

Proof Apply Proposition or ([IS], Theorem 1). For a point (L C M,V) G „„^aBunG^ ^ai^H 
we get H°(X, F ® L* 0) = and H°(X, M ® F) = H°(X, L ® F) is of dimension 2n{g - 1 - a). 
□ 

Lemma [7] immediately yields the following. 

Corollary 3. If a < mm{2g — 2,0} then the cone of the natural map aK a-iK over oUh is 
a constant complex. □ 

7.2 For h € Z/2Z set = J^H n Bun|/. Note that if a Bun^^ is not empty then a < {d/n) + g. 

o 

So, one can not find a £ Z such that Jj-Hp is not empty for all d G Z{e, P). 

Let a be small enough so that the function Ejc defined in Proposition [12] does not vanish 
over oUh each b € Z/2Z. Set Uh = oUh- 

Lemma 8. The set of d £ Z{e,P) such that JCfj vanishes overUu is at most finite. 

o 

Proof Let d G Z{e,P), pick a' such that l^iZf, is not empty. The irreducible subquotient ICfj 
ofPll^{a'K) introduced in Definition [2] is characterised by the following property. The perverse 
sheaf z^p(/C|/)[dim. rel(i''p)] over '^Buup contains the irreducible subquotient Kp^. 

If ICjf vanishes over Uh then Kf,^ would vanish over Up^iUn) H '^Buup. In particular, E](i 
would vanish over Uh n z^p('^Bunp). 

Let X C Z[e, P) be the set of those d for which /C|/ vanishes over Uh- If X is infinite then the 
union of Uh n i'p('^Bunp), d G X equals Uh, and E)c would vanish over Uh- This contradiction 
shows that X is finite. □ 

Using Lemma [HI we replace if necessary a by a smaller integer and assume from now on 
that for all d G Z{e,P) the perverse sheaf ICfj does not vanish over Uh- We also assume 
a < mm{2g - 2,0}. Set =phO(,K) \u„. 

Lemma 9. For each d G Z{e, P) the perverse sheaf ICfj already appears as an irreducible sub- 

^ o 

quotient in Ku- More precisely, let a' < a be such that '^^iZp is not empty. Then there is a 
unique irreducible subquotient /C^ in JCu such that 
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induces an isomorphism /C^ a'K.'n- The subquotient K.^ of Ku is characterised by the property 
that 

over ^ Bun priUp^{UH) contains Kp^ as an irreducible subquotient. 

Proof By Corollary O the kernel and cokernel of a : PR^iaK) m'^ia'K) over Uh are perverse 
sheaves, which are succesive extensions of constant perverse sheaves. Since )Cfj is not constant 
and does not vanish over Uh, our assertion follows. □ 

7.3.1 Let F be an irreducible subquotient in ICu. Let Ip C Z{e,P) be the set of d G Z{e,P) 
such that F does not vanish over Uh H up{^Jiunp). The set Ip is infinite. Write F for the 
intermediate extension of F under Uh ^ Bunj;/. 

Let Vn '■ Bunp — > Bun„ be the map sending Q to U. The morphism i/„ is smooth. 

Lemma 10. For each d € Z(e, P) the perverse sheaf 

Fouryi_^i.|>(F)^(Q,[l](i))"(^^) 

o 

over '^yf, either vanishes or identifies with lC{Zp). In the first case there is a perverse sheaf 
jrd g p^^BunJ^) and an isomorphism 

yp{F) ® (Q,[l](i))dim.rel(.p)^^*^d ^ ((Q^[^(l))dim.relK) (gg) 

over ^ Buup. In the second case F = /C^. 

Proof We may assume F non constant. Let a' < a and S = Pll^{a'K). By Corollary [3l the 
image of F under (i37|) is a nonzero irreducible subquotient in S. By Corollary [H 

Four-;_^^|>(5) mM{^))^''^-'''"^'"'^^lC{Zp) 

o o o 

over ^/3^p. Since the union of '^,yj> for all a' < a equals ^yf,, we are done. □ 

In Appendix A we introduce a notion of an almost constant local system on Bunjif. Note 
that if E is an irreducible almost constant local system on Bun|^ for some b G Z/2Z then E is 
of rank one and order at most two. The following will be proved in Section 7.3.2. 

Proposition 15. The irreducible subquotients JC^ of Ku overU^ all coincide for d mod 2 = 6. 

The resulting irreducible subquotient is denoted K,u,b- If F is a different irreducible subquotient 
of K-u overU^j then F k is a direct sum of (shifted) almost constant local systems on Bun|^. 

Definition 4. The perverse sheaf KLh € P(Bun//) is defined as the the intermediate extension 
of Kufi © Ku^i under Uh ^ Bun//. The perverse sheaf ICh is irreducible over each connected 
component of Bun//. 
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Proposition [15] immediately implies the following. 

Corollary 4. For each d G Z{e,P) the perverse s/iea/z^|,(/CH)(g)(Q£[l](i))<^™-'^'=i(''-p) over^'Bunj, 
contains Kf,^ as an irreducible subquotient. More precisely, for each d € Z{e,P) there is an 
isomorphism 

Fouvyl^ v*p{1Ch) ® (Q41](^))'''"-^'^^^'^^) ^ IC(2p) 

o 

over '^yf,. 

7.3.2 The fact that k is finite will be used in the proof of the following key lemma. 

Lemma 11. Let F be an irreducible perverse sheaf on Bun|^ for some b € Z/2Z. Let L be 
an infinite bounded from above set of integers. Assume given for each d ^ L a perverse sheaf 
-pd ^ p('=Bun^) and an isomorphism [6^1 over '^Bunp. Assume that if d & L then i'*p{F) is 
nonzero oi'er'^Bunp. Then each irreducible subquotient of F ®kk is a (shifted) almost constant 
local system on Bun^. 

Remark 11. We do not require in Lemma [TT] that T'^ are irreducible. We can not garantee this, 
as we don't know if the geometric fibres of z^p : ^ Buup — )• Bun/^ are connected (for generic fibres 
cf. Proposition [TBI). 

Proof of Proposition [75| The perverse sheaf ICu \yb^ admits at least one irreducible subquotient 
which is not an almost constant (shifted) local system. Let F be such an irreducible subquotient. 
Then by Lemma [m the set A = {d ^ Lp \ F ^ finite. Let F' be an irreducible subquotient 

of ICu \yb^ not equal to F. Then for any d G /p — A we get F' / /C^. So, by Lemmas [TTl and [TOl 

each irreducible subquotient of F' (8)^ A; is a (shifted) almost constant local system on Bun|^ (^kk- 
This implies that F' / /C^ for ah d G Z(e, P). Thus, F = K.f^ for all d G Z(e, P). □ 

7.4 Proof of Lemma [77] 

For di,d2 G Z of the same parity write X'^^''^'^ C Buup XBun^ Buup for the open substack 
given by the property that the two P-structures on 1/ G Bun/^ are transversal at the generic 
point of X. So, A:''^i''^2 classifies two exact sequences — )■ A^C/j — ?>? — )• Ox giving rise to 
— 7- f/j ^ y — 7- [/* — ?• such that the composition C/i ^ y — > C/| is an inclusion of coherent 
Ox-modules, and the isomorphisms 

det V ^ (det Ui) <S) det U*'^0 

coincide for i = 1,2. 

For a point of ;t"^i''^2 ^ diagram Ui®U2 CV C C/l®^^! • The projections V/{Uii^U2) 

U2/U1 and V/{Ui U2) — t- /U2 are isomorphisms, so there is an isomorphism 

(P:Ul/U2^U^/Ui 
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of torsion sheaves on X such that V/{Ui U2) = {{v, (l){v)) £ {UI/U2) ® {U^/Ui) \ v G UI/U2}. 
Moreover, (p is anti-symmetric in the sense that for any fi,f2 G UI/U2 one has 

{vi,cly{v2)) + {cl){vi),V2) £Ox (66) 

Here (•, •) is the natural pairing. 

Remark 12. Write Ox for the completed local ring of X at a; G X, let tx G Ox be a uniformizer. 
Assume that ai > . . . > a-m > and 

4> : ® • • • ® C'x/ir ^ t;"^ Ox/Ox ® . . . ® t^'^'-Ox/O, 

is a Ox-linear map given by a matrix 6 = Then ([MD holds iff 5^^ G tx ^""^"''"^^0^/0^ and 

for all i, j one has 6jj + hji = 0. Since the characteristic of k is not 2, this implies in particular 
bii = 0. 

Let X'^^''^^ c X'^^''^'^ be the open substack given by the property that there is an effective 
reduced divisor D > on X such that div(C/*/?72) = 2Z). For a point of X'^^''^'^ there is an 
isomorphism Ul /U2-^ Od © Od- Here 0_d is the structure sheaf of D. We have a diagram of 
smooth projections 

Bun^i V- X'^'''^' 4 Bun^2^ 

where qi sends the above point to 

Write ^Af'^i-'^a ^ ^di,d2 fQ]^ i^j^g preimage of ^ Bun^^ x'^Bun^^ under qi x ^2- Consider the 
diagram of projections 

^Bun^i ^X'^^''^^ X' Bun^2 

By our assumptions, for di,d2 G / there are isomorphisms a : ^qlT^^-^^qlF^-^ of shifted 
perverse sheaves over ^Af'^^''^^. 

Write F'^ for the intermediate extension of F'^ under ^ Bun^ BunJ^. The stack X'^^''^^ is 
irreducible. So, if ^Bun^' is not empty for i = 1,2 then s^^i-^'a is dense in X^^''^^. Thus, the 
isomorphisms a extend (by the intermediate extension) to isomorphisms 

a : qlP'^^^qlP'^^ 

of shifted perverse sheaves over 

Xdi42_ For U2 G Bun^2(/c) write 
Xd.42^U^^^X''-,d2 x^^^,, Specfc, 

where we used the map U2 ■ Spec k Bun^^ to define the fibred product. 

Given di and Ui G Bun^^, there is ^2 G / sufficiently small and U2 G Yiun'^{k) such that the 
projection qi : X'^^''^'^{U2) — > Bunji[^ is smooth over a Zariski open neighbourhood of Ui. Now 
the isomorphism a shows that P"^^ is smooth in a neighbourhood of Ui. Since Ui was arbitrary, 
P'^ is a shifted local system on BunJ^. The union of the images of i^p : Buup — )• Bun^ equals 
Bun^, so F is also a shifted local system over Bun|^. 
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Now Conjecture [5] would imply that T is an almost constant local system. Conjecture [5] not 
being known, we give another argument that applies for the finite ground field k. 

For A;-points f/j G Bun^' with di £ I say that Ui -< U2 if there is a A;-point r/ G ;\^di,d2 
such that qi{r]) = Ui for i = 1,2. Write ~ for the equivalence relation generated by ~<. If two 

fc-points Ui,U2 € Bun^ are equivalent in this sense then for the maps Ki : Spec A; BunJ^ the 
isomorphisms a yield kI^'^ ^ k'^F'^- 

Lemma 12. Assume n > 3. Let d € I and Ui G Bun'^{k) for i = 1,2. Then Ui ~ U2 if and 
only if there is £ e Bun'j'(A;) with (det Ui) (g) (det U2)'^ . 

Let d € I and Li G Bunf (/c). Let Bun^ be the stack classifying Ui G Bun^, £ G Bun^ and 
an isomorphism det Ui^S"^ Li. 

By Lemma [T2l the *-restrictions of J-'^ to all A;-points of BunJ^ are isomorphic to each 
other. In particular, the function trace of Frobenius iv{T'^,k) : BunJ^ j;^^ (A;) — )■ is constant. 
Since the same hold for any finite extension of k, we conclude by ([16], Theorem 1.1.2) that T'^ 
is the inverse image of a local system on Spec/c. 

Let GSpin2„ be the quotient of Gm x Spin2„ be the diagonally embedded subgroup A^'L/2'L, 
here Spin2„ /A. In terms of Appendix A, we have taken T — si^nd T\ — Gy^ijA — y-G^n' 
Pick h G 7ri(GSpin2„) over b G ■ki{H), let c G 7ri(Ti) be the image of b. Pick a Ti-torsor Tt^ in 
Bun^^{k). We get the stack BunQgpj^_^ -p^ defined as in Appendix A and the morphism 

/ : Bun^spi„^^^_^^^ ^ Bun|^ 

Let P C GSpin2„ be the preimage of P under the natural map GSpin2„ H. 

Set Bunp = Buup XBun^^ Spec k, where we used the map Ft-^ '■ Spec k — Bunj-^ to define 
the fibred product. There is a commutative diagram for a suitable d G vri(P) 

J' \- fp \- f 

Bnni ^ Bunf, Bun^ 

Let ^ Buup be the preimage of ^ Buup under fp. We see that u*pf*F is the inverse image 
of a local system on Specfc. By Proposition [18] in Appendix B, for d € I small enough the 
generic fibre of z^p : ^ Bun^ — )• BunQgpjj^_^ -p^ is geometrically irreducible. So, f*F is the 
inverse image of some local system over Specfc. Lemma [TT] is reduced to Lemma [12] □ 

Recall the following notion. Let A be a coweight of GL„ and F^ the field of fractions of 
Ox, X £ X. 11 L,L' are two free O^^-modules of rank n with an isomorphism of generic fibres 
P : L <SiOx Fx—^L' we say that L is in the position A with respect to L' if there is a 

trivialization a : L'^ O" such that the image ol L^FxA L' ®Fx^ F^ equals t^O!^. 
Proof of Lemma [7 
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Assume that f"^ ^ (det C/i) (g) (det U2)~^- We must prove that Ui ~ U2. 

First, we may assume det Ui ^ det C/2. Indeed, by Bertini theorems ([23]), there are reduced 
effective divisors D'^,D~ on X defined over k such that for D = — D~ one has £^ 0{D). 
Pick any U2 C U* and C/3 C U* such that U* /U2^0j:,+ ®Or,+ and t/Vt/s ^ O^- O^- . We 
may assume sufficiently large so that (deg U) G /. Then U2 ~ f/a and det Ui ^ det U'^. 

We are reduced to the case det Ui ^ det C/2. 

Pick X G X and an isomorphism 7 : One can find a sequence of /c-points 

U3, . . . ,Ur G Bun^ and isomorphisms : f/j+i \x-x for i = 2, . . . , r — 1 with [/^ = Ui such 
that C/j+i is in the position (1,0,..., 0, —1) with respect to Ui at x. 

We are reduced to the case of an isomorphism 7 : f/i ^ C/2 \x-x such that U2 is in the position 
(1, 0, . . . , 0, —1) with respect to Ui at x. This means that there is a base {ei, . . . , e„} of Ui in a 
neighbourhood of x such that {t^^ei, 62, . . . , e„_i, t~^e„} is a base of U2 in a neighbourhood of 
X. Here G Ox is a uniformizer. Let U' G Bun„ be the modification of Ui whose local base 
in a neighbourhood of x is {ei, . . . , en-2,tx^^n-i,tx^^n}- If —d — 2 G / then C7i ~ U'* ~ C/2- 
Otherwise, replace U' by a bigger suitable upper modification U" at some points different from 
X such that Ui ~ C/"* ~ C/2. We are done. □ 

Remark 13. Let i ^ 0, let F be an irreducible subquotient of PIL^{aK) \uh- Write F for the 
intermediate extension of F under Uh ^ Bunjy. Then each irreducible subquotient oi F 
is an almost constant local system. 

Indeed, if F is not constant then, as in LemmaO we see that F appears as an irreducible sub- 
quotient of PH*(a/^) for all a' < a. This together with Corollary [1] implies that Four^^ ^ UpF 

o 

vanishes over the stack ^yp. Our claim follows now from Lemma [TTl Thus, the whole complex 
aK is built up from Kh and almost constant local systems. 

7.5 Assume k algebraically closed. Our purpose now is to establish more properties of the sheaf 
ICh- From Proposition [18] of Appendix B one easily derives the following. 

Proposition 16. There is Nq G Z such that for all d < Nq the generic fibre of up : ^ Buup — >■ 
Bun^™°'^ ^ is geometrically irreducible and non empty. □ 

Proof of Theorem [I] 

By Corollary IH for each d G .Z'(e, P) there exists a semi-simple perverse sheaf AA'^ on ^ Bun^ 
and an isomorphism over ^ Buup 

{yp{^H) ^ {Qiml)f''^-'''^''''^y ^K^p,i. e KM^ (Q£[i](^))^'"^"^'('^")) (67) 

Here the upper index ss stands for the semisimplification of the corresponding perverse sheaf. 
Now Proposition [12] shows that there exists a function Ej^ : Bunuik) — ?> Z such that for each 
d G Z{e, P) and r/ G ^ Bun^(A:) over V G BunH{k) one has 

X(X' !.„(,)) = (-l)di---l(-i?)+dim.rel{.^^)^_^(p.) 
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Assume that is not identically zero on Bunj^^ for some b G Z/2Z. Pick d2 € Z{e,P) 
with ^2 mod 2 = 6 and [/2 G ^ Bun^ such that xi-^'^^ lc/2) 0- Argue as in the proof of 
Lemma [TTl Given di G Z{e,P) with mod 2 = 6, consider the stack A''^i''^2({72) introduced 
in Section 7.4. Let ^A^°'i'°'2jC/2) be the preimage of ^^'^i-'^a in A^'^i'°'2(?72). If di is sufficiently 
small, the projection qi : '^X^^''^^{U2) ^Bun^^ is dominant, so that xi-^"^^ \ui) = xi-^'^'^ \u2) 
for Ui lying in some nonempty open substack of '^Bun^^. Since "^Buup — )• Bun|^ is dominant, 
we conclude that Ej^ does not vanish over some nonempty open substack of Bun|^. This 
implies that ICh does not vanish at the generic point of Bun^. Then applying ([8], Lemma 4.8) 
together with Proposition [161 we learn that z^p(AIjj)[dim. rel(z^p)] is an irreducible perverse sheaf 
on Buup , so M'^^ must vanish. This contradiction shows that E_m is identically zero. 

Since M'^ is a perverse sheaf, this in turn implies that M'^ = for all d € Z{e, P). So, for 
each d € Z{e,P) the perverse sheaf z/p(/Ci^)[dim. rel(z^p)] is irreducible over ^Buup. □ 

7.6 Proof of TheoremlM 

Step 1. Set G = Gi for brevity. Let aE = Q£[dimBunG'] over aBunc. Recall that aK = 
FuiaE), where 

Fh : D-(BunG)! ^ D^(Bunj/) 

is given by ([H], Definition 2). Recall that for a < min{2g — 2,0} we have the locally closed 
substack un,a^uT^G C Buug introduced in Section 7.1. Set aP = [dim Bunc] over un,a^'^^G- 
Write W for the standard representation of H. Let Wi denote the standard representation of 
G^ SO3 and Wq = ®'^~i_^Qe[2i]. By ([19], Theorem 3), one has 

,}l^{W,aK)^FHi.,}l^{Wo e Wi,aE))^FHi,}i^{Wi,aE)) {Wq ® aK) (68) 

Recall that a Bung C a-iBunc. If a + 1 < min{2gf — 2,0} then a_i Bunc admits the 
stratification 

a-l Buna = a+l BUUG U un,a Bun^ U un,a+l BuUc 

and the substack un,a Bun^ is closed in a-i Buug. Set Wi = (Q£[— 2] ©Q^SQ^p]). The following 
Lemma is straightforward. 

Lemma 13. Let a + 1 < min{2(7 — 2,0}. The complex x^ci^^^aE) is the extension by zero 
from a-i Bunc- 

1) The *-restriction of (Wi, aE) to a+i Buuc identifies with 

Wi0{a+lE), 

where Wi = (Q4-2] © © QeM). 

2) The *-restriction o/ 2:H^(l^i, „£') to „„^aBunG is 2]. 

3) The *-restriction o/ a;H^(VFi, a-E) to Bunc fits into an exact triangle 

aR[-2] ^ xR'GiWi^aE) ^ aP 

□ 
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It suffices to prove that tliere is a complex L G D(Bunjif), whicfi is a finite direct sum of 
sliifted almost constant local systems on Bun//, and an isomorphism in D(Bun//) 



Let b be any integer small enough, so that ICh ItUnT^ 0- We will show that there is such 
L (depending eventually on b) and an isomorphism ()69p over bUn- Since b is arbitrary, L is 
independent of b, and this would conclude the proof. 

Step 2. Write Di C D{hUH) for the full triangulated subcategory generated by objects of 
DdyUn) which are restrictions from Bun// of the almost constant local systems. 

Let a be the highest weight of W. For T G D(Bun//) the complex a;H/7(PF, J") \^Uh is 
completely determined by T \^_iUh- Indeed, if V,V' G Bun// and V^V \x~x such that V is 
in the position a with respect to V' then V G b^H implies V G b-ii^H- 

Pick > such that for any perverse sheaf A on Bun// the complex 2;H|^(iy^, A) over Bun// 
is placed in perverse degrees [— A^, A^] (actually, one may take = dimGr^). 

Pick a small enough compared to b and satisfying the assumption of Lemma [T3j Then for 
a' < a the cone of the natural map aK — )• a'K over b-i^^H is a succesive extension of constant 
complexes. 

By Lemmas 1131 and \7\ Fh{x^g i^^^ aE)) over b^^H has a finite filtration in the derived 
category, one of the graded pieces is Wi (8) (a+iK), and the others are constant complexes. 

Write r>7 for the truncation functor with respect to the perverse t-structure. Apply t>-n 
for the isomorphism (I68p over feW//. 

Prom Proposition [T7] we conclude that T->-Ar(xII|7(VF, aK)) over bl^H admits a finite filtration 
in the derived category, one of whose graded pieces is a;II|^(VF, JCh), and all the others are shifted 
almost constant local systems. Similarly, 



over bi^H admits a finite filtration in the derived category, one of whose graded pieces is (Wi + 
Wo) (8>/C// and all the others are shifted almost constant local systems. This implies already that 
(Wi+Wo)^JCh appears as a direct summand in j;H|^(VF, ICh)- More precisely, by decomposition 
theorem ([2j), there is a complex L G D(Bun//), which is a direct sum of shifted irreducible 
perverse sheaves, and an isomorphism in D(Bun//) 



We also see from the above that 2,'H|^(Ty, /C//) ^ (Wi + Wq) (8> ICh is the quotient category of 
D(feW//) by Di. So, L G Di. Since Di is closed under taking the direct summands, we conclude 
that each irreducible perverse sheaf appearing in L lies in Di, hence extends to Bun// as an 
almost constant local system. Theorem [2] is proved. 



H^(Ty, ICh) ^ (Wi + Wo)^ICh + L 



(69) 




xH^iW, ICh) ^ {Wi + Wo)(^ICh(BL 



8. The perverse sheaf ICh via Eisenstein series 
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8.1 Recall the map vq : Bung — )• Bun/f defined in Section 2.3.2. Write Bung for the stack 
classifying V S Jiunn with an isotropic subsheaf L C V, where L S Buni. Let z^g : Bung — ?> 
Bunj7 be the projection sending this point to V. Write Bung C Bung for the substack given 
by degL = m. The restriction v'q : Bung — )• Bun// of z^g is proper. Set 

S"^ = (P^)!Q4dimBun^] 

This complex differs from the usual definition of geometric Eisenstein series ([Zj), as we used the 
constant sheaf instead of IC(Bung) on the non smooth stack Bung. 

In this section we propose one more conjectural construction of the perverse sheaf ICh as a 
'residue' of the sequence 5™ as m goes to minus infinity. Set 

Recall that Gi introduced in Section 2.2 is the group scheme of automorphisms of Mq = 
Ox © ^ acting trivially on detMo. Let Bi C Gi be the Borel subgroup preserving Ox- Write 
Bun^^ for the connected component of Bun^^ classifying exact sequences 

0-^n(^L-^M-^L*-^0 (70) 

with L € Bun™. Let ■ Bun^^ — t- Bun^j be the map sending (j70p to M. Recall that Zp^Q is 
the stack classifying {U, M, s), where U G Bun„, M G Bun^j and s : U ^ M is a surjection. 

Lemma 14. 1) For each m G Z the complex 5™ is the extension by zero under the closed 
immersion Zp ^ yp. 

2) The restriction of S"^ to the open substack Zp^ C Zp identifies canonically with 

(idxz.Bj!(Q4l](^))-'(''+'")+"'(^-') 

for the map id xi^Pi ■ Zp^ XBunoj Bun^\ Zp^. 

Our proof of Lemma O uses a general construction presented separately in Section 8.2 for 
the convenience of the reader. 

8.2 A STACK ASSOCIATED TO A COMPLEX Consider a complex M = {A B ^ G) oi locally 
free Ox-modules of finite ranks placed in cohomological degrees 0, 1, 2. The maps in this complex 
are morphisms of coherent sheaves (not necessarily morphisms of vector bundles). 

Let Xjs4 be the stack classifying an ^-torsor Ta on X, s G H'^(X, i?jr^) whose image in 
H'^(X, C) vanishes. Here a ^ A acts on B sending 6 G .B to 6 + d{a), and Bjr^ is the quotient of 
B X Fa by A acting diagonally. 

Lemma 15. Xm naturally isomorphic to the stack quotient of^'^{X,M.) by the trivial action 
of^\X,M). 
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Proof Let B' be the kernel oi B C and M' = {A B') placed in degrees 0, 1. Then 
Xjii—^'^M' naturally. Since IL^X, ^A)^}^^{X, Ai') for i <1, we may and do assume (7 = 0. 

The category of A-torsors on X is equivalent to the category of exact sequences — > A — > 
E —7- Ox — > on X, the datum of s then becomes a datum of a : E ^ B such that the 
composition A ^ E B equals d. Thus, is the stack classifying diagrams on X 

0^ B' ^ B' ^ ^0 

t d t a t 

O^A^E^Ox^O 

So, a point of X_\4 gives rise to a distinguished triangle M. ^ S ^ Ox on X, where S is 
the complex {E A B') placed in degrees 0, 1. This triangle yields a morphism ll^{X,Ox) 
H^(X, M), hence a morphism of stacks 7 : ^ H^(X, 7W). The group H°(X, M) acts on 
naturally by 2-automorphisms, so 7 extends to a morphism ^Ya^ ^ ll^{X,A4)/ll^{X,Ai). One 
checks that this is an isomorphism. □ 

Example 1. Assume that C = and d : A ^ B is generically surjective. Then H^(X, A4) = 0, 
and Xj^ is the stack classifying an exact sequence — )• j4 — ?> Ox — )• on X together with a 
splitting of its push- forward via d : A ^ B. 

Example 2. Let f7 be a rank n vector bundle on X and t : L ^ U* he a subsheaf. Define 
the complex M = {A^U % 'Hom{L,U) % nom{Sym^ L,Ox)) as follows. The map do sends 
y : U* ^ U such that y* = —y to the composition L ^ U* ^ U . The map di sends z : L ^ U 
to {z,t) + {t,z). More precisely, here {z,t) + {t,z) sends a local section W1W2 G Sym^ L (with 
Wi G L) to {z{wi),t{w2)) + {t{'Wi), z{'W2)) S Ox- The category of A^C/-torsors on X is naturally 
equivalent to the category of exact sequences ([9]) on X. Write V for the image of ([9]) under i^p, 
it is included into an exact sequence (|7ip . Then Bjr^ is the sheaf of liftings t : L ^ V of the 
morphism t : L ^ U*. The condition that the image of t in H''(X, Sym^ L*) vanishes means 
that the image of t is isotropic. 

Thus, Xm is the stack classifying an exact sequence ^ on X, and for the corresponding 
V E Bun/f a commutative diagram 

O^U^ V U* ^0 

where the image of i is isotropic. Write Ui for the kernel of t* : U ^ L*. If L is of rank one 
then the kernel of di equals T-Lom{L, Ui). 

8.3 Proof of Lemma\l^ 1) The stack Bunp Xbuiih Bung classifies an exact sequence ^ on X 
giving rise to an exact sequence 

Q^U^V^U*^^ (71) 

on X with V G Bun//, and an isotropic subsheaf L <Z V with L € Bun^^. Denote by Xi C 
Bunp XBurii/Bung the closed substack given by the condition that L C U, write Xq for the 
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complement of Xi in Bunp Xbuhh Bung. Write Vn for the stack classifying U G Bun„ with a 
subsheaf t : L ^ U* , where L G Bun^. 

Clearly, the contribution of Xi to the the complex 5*" is the extension by zero under the 
zero section Bun„ — )• yp. Consider the diagram 

™ yp XBun„ Bunp '""P' yp 

X Bun„ Xo A yp, 

where ev is the natural pairing between v : a'^U Q and the exact sequence Q, here {U,v) G 
yp. We have denoted by qi : Xq ^ Bunp and q the projections. We will show that 

q\{{id xqi)*ev*C^) 

is the extension by zero from Zp. Let f-p : Xq ^ Vn be the map sending a collection ([9]) and 
L C y to the composition L ^ V ^ U* . Then q is the composition 

3^P XBun„ Xq yp XBun„ K ^ 

Consider a A:-point r] of P„ given by t : L ^ [/*. Write Ui for the kernel of t* : U L* . As in 

(Section 8.2, example 2), we get a complex A4 = {K^U L* (g> Ui) placed in degrees 0, 1. The 
fibre Xj^ of fv over rj identifies with the stack quotient of H^(X, A4) by Y{^{X,M.). 

Since d is generically surjective, H^(X, 7W) = 0. The distinguished triangle M K^U — )• 
L* ®U\ on X yields an exact sequence 

Thus, integrating (id xqi)* ev* over X^, one gets zero unless v G H-'^(X, L* ® Ui)* . So, the 
restriction oi v :U — > {7* 17 to f/i must factor through L J7, in particular : f7 ^ {/* (S" is 
of generic rank at most 2. So, 

(idx/p)!(idxgi)*e^;*£v (72) 
is the extension by zero under Zp XBun„ 'Pn ^ yp XBun„ T'n- Part 1) follows. 

2) Let °Vn C Vn be the open substack given by the property that v : L ^ U* is a subbundle. 
Let us show that the restriction of ([72]) to the open substack Zp^ XBun„ 'Pn is the extension 
by zero under Zp^ XBun„ °7^n ^ ^p,o XBun„ Vn- Indeed, consider a fc-point of Zp^o XBun„ Vn 
given by s : [/ — )• M and t : L ^ U* . Assume that the *-fibre of (I72p at this point does not 
vanish. Let Ui be the kernel of t* : U ^ L*. We have seen in 1) that v G H°(X, $7 C/j" (g) L). 
Let -D be an effective divisor on X such that t : L{D) ^ U* is a subbundle. Then v writes as a 
composition 

A^U ^Ui0 L*{-D) ^Ui®L*^^ 

Since v : A^U ^ is surjective, = 0. 

Write U2 for the kernel of s : U — ?• M. Since v vanishes on A^f/i, we also get U2 C f/i, 
and the exact sequence — > U1/U2 — > M ^ L* ^ is a point of Bun^^. We have a closed 
immersion 

^0 : 2^P,0 XRunoj Bun^^ Zp^ XBun„ "T'n 
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given by the condition that t : L ^ U* factors through s* : M* — )■ U*. We conclude that the 
*-restriction of ([72]) to Zp^ XBun„ ^'Pn identifies with {io)\Qi up to a shift and a twist. 
To calculate the shift note that Bung is smooth of dimension 

m{2 - 2n) + {2n^ - 3n + 2){g - 1) 

and dimBunjif = {2-n? — n){g — 1). Further, dimBunp = (1 — n)d + ^"2"" (ff ~ ■'■)■ ^'^^ ^ point 
of ^Vn as above, a'^ Ui, so 

dimXM = -x(a2[/i) = (2 - n)(d + m) + ^J^^^^}^^{g - 1), 
where d = degU. Lemma [HI follows. 

8.4 Note that Zp^ is smooth of dimension (n^ + 3){g — l) — 2d, and Buug^ is smooth of dimension 
—2m. 

Lemma 16. 1) For g = (resp. for g >1) assume that m <1 (resp., m < 2 — 2g). Then 

u^^ : Bung^ ^ Bunc, (73) 

is generically smooth. If g = then the generic fibre of ^73\ ) is irreducible. 
2) If 9 ^ 1 o,nd m < 3 — 3g then the generic fibre of |73| j is irreducible. 

Proof 1) is elementary. 2) Recall the stack „ Bun^j introduced in Section 2.3.4. Under our 
assumption the stack m+43-4 Bun^^ is nonempty. Indeed, this follows from the semistability 
of generic M G Bunc^ . Let : X ^ m+ig-i Bunc^ be the stack classifying a point M G 
m+4g-4 Buncj , L € Bun™ and a section s : L (8) ^2 — )• M. The projection X — >■ m+4g-4BunGj x 
Buuj" forgetting s is a vector bundle of strictly positive rank. So, the generic fibre of the 
composition X — )• m+4g-4 Buugi X Bun^* — > m+4g-4 Bunci is irreducible. The generic fibre of 
([73|) is open in X^-., so it is also irreducible. □ 

Combining Lemmas [16] and [T3| one gets the following. 

Corollary 5. Assume that '^Zp^ is not empty. For g = assume m < 1, for g > 1 assume 
m < 2 — 2g (resp., m < 3 — 3g). Then the perverse sheaf P}1^~^^~^^{S"^) over ^yf, contains 
lC[Zp) (resp., contains lC{Zp) with multiplicity one). □ 

Remark 14. i) The following is well-known (a similar claim with moduli stacks replaced by coarse 
moduli spaces is proved in [Uj). Assume g = 1. Let G be a semisimple connected group, T G G 
its maximal torus, W the Weyl group of {G,T). Then there is an open substack W C Bun|^ 
over which the natural map Uj^ : Bun^ Bun^ is a Galois covering with Galois group W. 
Here the action of W on Buuj. is the one induced by the standard VF-action on T. Given an 
irreducible representation a of W, denote by Ca a perverse sheaf, which is the intermediate 
extension under W ^ Bun^ of the isotypic component of {i'j^)\Qe |w corresponding to a. Since 
Buujn is irreducible, each £0- is an irreducible perverse sheaf. 
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ii) Using i) one can strengthen Corollary [5] in the case g = 1 as follows. If '^Zf, is not empty 
then the perverse sheaf PH°(5°) over ^3^p contains lC{Zp) with multiplicity one. Indeed, for 
g = 1 and m = the map ([75]) over a suitable open substack of Bun^j is a Galois covering with 
Galois group Z/2Z. 

8.5 From Corollary [5] and Lemma [1] one derives the following. 

Corollary 6. For g = assume m < 1. For g = 1 assume m <0. For g > 1 assume m < 'i—'ig. 
If^Zf,o is not empty then PU^-^^-^mi^gm'^ contains a unique irreducible suhquotient S^^ with 
the following property. The perverse sheaf 

over ^Bunf, contains Kp^ as an irreducible subquotient. □ 

Remark 15. We expect that each perverse sheaf 5^ from Corollary [6] is isomorphic to ICh over 
Bun^™°'^ ^. Though we did not check this claim completely (except in the cases g = and g = 1 
considered in Sections 8.7 and 8.8), a partial evidence for this is collected in Section 8.6 for the 
convenience of the reader. 

8.6 Partial evidence for Remark [15] Write Fh : D~(BunGi)! D^(BunH) for the theta- 
lifting functor introduced in ([19j, Definition 2). For the map (j73p set 

Let Wq be the stack classifying L € Bun™, V € Bung and an isotropic section s : L V. 
Denote by Uy^ : Wg Bunj^ the map sending the above collection to V. 

Lemma 17. There is an isomorphism over Bun/f 

where r = —2nm + dimBun// +(2n + 1)(1 — ^f) = 3 — 3g — 2m + dimBuug. 

Proof For the map ub^ x id : Bun^^ x Buuh Bun^j^ x Buuh the complex {vbi x id)* Autci,// 
is as follows. Let Wbi,h be the stack classifying V G Bman, a point ([70]) of Bun^^, and any 
section s : L ^ V. 

For a point of Wbi,h write s for the composition — )• Sym^ V — > Ox- Let evy\; : Wbi,h — > 
be the map sending the above collection to the pairing of (fTOll with s. Let pw : Wbi,h 
Bun^^ x Bunj^ be the projection forgetting s. By ([20], Proposition 1), there is an isomorphism 

{UB, X id)* AutGi,^f ®(Q£[i](^))^'°^-'-^'('^^i)^Pw!er;;v^V' ® mml))\ 
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where 6 is a function of a connected component of Wbi,h whose value at a point ( ([70|) . L V) 
equals dimBun^^ + dimBunf/ +x(-^* <^ here m = deg(L). 

Write Wg^ C Wbi,h for the substack given by the property degL = m. Let Wq be the 
stack classifying L € Bun™,^ € Bun// and any section s : L V. By definition, Fh{J'q ) 
is the direct image with compact support under the projection ^ — t- Bun//. The latter 

decomposes as ^ A — )• Bun//. The direct image ^leu^/Z^ is the extension by zero 
from the closed substack Wg ^ Our assertion follows. □ 

Note that Buug C is the open substack given by the condition that s : L ^ V does not 
vanish. So, Lemma [T71 yields a natural map over Bun// 

5" ® m^\{\)f~^'~^'^ ^ ^^(7-5;) (74) 

whose cone is a constant complex. 

Recall that the complex F//(IC(BunG'J) ^ g//; AutGi,_ff does not literally make sense, here 
qu '■ Buucj X Bun// Bun// is the projection. However, our perverse sheaf /C// appears in ^'H'' 
of a suitable truncation of the latter complex. 

Assume that m satisfies the conditions of Corollary [6] then pII^{Tq_^) contains IC(Bun(;;^) 
with multiplicity one. So, for this m the perverse sheaf PH°(F//(J^J) should contain /C//. Now 
(|74l) shows that /C// should appear in 

p-^3-3g-2m^^my By Corollary El /C// can appear as an 
irreducible subquoient of ^H^~^^~^'"(5'") with multiplicity at most one. 

8.7 Case 5 = 

Our purpose is to prove Proposition HI We will also calculate the sheaves and compare the 
answers (the two calculations are independent and will produce the same result). 

We will use the Shatz stratification of Bun// (cf. [3], Section 2.10.4 and also [4^, [26]). Let 
T C B C H he a maximal torus and Borel subgroups. Let A be the corresponding set of simple 
roots of B. Write for the dominant coweights of H. For g = the Shatz strata are indexed 
by A^. Namely, for A € A^ let M'^ C H he the standard Levi whose simple roots are a €A such 
that (A, a) = 0. Let be the standard parabolic subgroup with Levi factor M^. Write /j\/a 

for the push- forward of 0(1) under Gm 

T M^. Let Shatz^ C BuupA be the open substack 
classifying Tp\ such that Tp\ x px is isomorphic to ■ The natural map Shatz^ — >■ Bun// 
is a locally closed immersion, and these substacks form the Shatz stratification. 

For h E Z/2Z write OSh^ for the open Shatz stratum in Bun|^. Then OSh^ = Shatz^ for 
A = 0, and OSh^ = Shatz^ for A = (1, 0, . . . , 0). 

Note that dim Bung = dim Bun// = n — 2n^. The stack Bung classifies V € Bun// with an 
isotropic subsheaf L dV such that there is an isomorphism L^C'(l). The open stratum OSh^ 
is not in the image of Vq : Bung Bun//. The map i>Q is an isomorphism over OSh^. So, for 
each b € Z/2Z the perverse sheaf H^(5^) vanishes over OSh^. 

Lemma 18. For each b € Z/2Z the stack Bun^ —OSh^ is irreducible, its open Shatz stratum 
is Shatz-'', where A = (1, 1, 0, . . . , 0) (resp., A = (1, 1, 1, 0, . . . , 0)J for 6 = (resp., b = 1). The 
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perverse sheaf (S^) vanishes over OSh^ , and over the subregular Shatz stratum Shatz^ there 
is an isomorphism 

PH\S^)^ lC{Shatz^) (75) 

Proof 1) The image of the proper map in Bun?^ equals Bun% -OSh^. By ([7J, Proposi- 
tion 1.3.8), Bung is dense in Bung, so Bung is irreducible. This implies that Bun^ — 05/1*^ 
is irreducible. The open Shatz stratum in Bun^ —OSh^ is Shatz^ for A = (1, 1, 0, . . . , 0), the 
subregular Shatz stratum. For V € Shatz'^ there is an isomorphism 

v^o{i) e o(i) e o^'^-^ e o(-i) e o{-i) 

So, the fibre of Vq over V identifies with P^. The codimension of Shatz^ in Bun^^ is one, so we 
get an isomorphism over Shatz^ 

S^^lC{Shatz^)[l]®lC{Shatz^)[-ll 

and the desired isomorphism (|75|) over Shatz^. 

2) Recall the parabolic subgroup R C H defined in Section 2.3.3. Note that R/[R, R]^ Gm- 
The Levi quotient of R identifies with GL2 xHn-2- Write ^ for the semigroup of i7-dominant 
weights which are orthogonal to all the simple coroots of GL2 xHn-2- 

Let Buuij be the stack classifying a i?]-torsor Tr/[r^r] on X, an //-torsor J^h on X, 

and for each A G „ a map k'^ : C\r ^ V4 such that the Pliicker relations hold as 

in ([7J, Section 1.3.2). Here V"*" is the corresponding Weyl module (as in [7j, Section 0.4.1). 
We may simply think of Bunj? as the stack classifying L S Buni, V G Bun// and a section 
K : L ^ /\^V such that the Pliicker relations hold. Write Bun^j for the substack of Bun/j given 
by the properties degL = 2 and V G Bun^. The projection vr : Bun^j Bun^ is proper, and 
its image equals Bun}^ —OSh^. 

Let Bun^ C Bun^j be the open substack given by the property that L ^ /\^V is a subbundle. 
As in ([7], Proposition 1.3.8) one checks that Bun^ is dense in Bun^j. Since Bun^ is an irreducible 
component of Bun/j, Bun^j is irreducible, so Bun^ —OSh^ is also irreducible. 

The open Shatz stratum in V>\m\j—OSh^ is Shatz^ for A = (1, 1, 1, 0, . . . , 0). For any 
V £ Shatz^ the fibre of Uq over V identifies with P^. The codimension of Shatz'^ in Bun^ is 3. 
So, the *-restriction of to Shatz'^ identifies with 

lC{Shatz^)[i\®\C{Shatz^)[l]®\C{Shatz^)[-l] 

The *-retsriction of IC(Bun//) to Shatz^ identifies with lC{Shatz^)[?)]. This yields the desired 
isomorphism (j75p . □ 

One has the involution s of A^ sending A = (oi, . . . , a^) to sA = (ai, . . . , a^—i, ~an ). Note 
that dim. Shatz''^ = dim. Shatz^'^, and the fibre of Uq over a point of Shatz''' identifies with P"~^, 
where a = oi + . . . + an-i+ \ On I- Indeed, for V € Shatz'^ one has dimHom(0(l), y) = a. 
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and any section 0(1) — )• V is isotropic. Let Gy be the group scheme of automorphisms of V 
preserving the symmetric form. 

Assume that A = (ai, . . . , 0^, 0, . . . , 0) with > and 

A = (6i,...,?)i;62,---,b2;---;^fc,---,bfc;0, ...,o), 

where bi appears rj times for i = 1, . . . , /c, and 61 > . . . > 6^ > 0. 

Lemma 19. Set a = Yli^i- Then one has 

dim Gv = {n — m)(2n — 2m — 1) + rirj(l + 6j — bj) 

ffliffl — \ ) 

+ (2n - 2m)(m + a) H + (m - l)a 

Proof We have 

y^PFeO2"-2m0^* (76) 
with W^O{ai) © ... © 0{am)- Recall that dim//„ = n(2n — 1). One gets for the Levi part 

dim.Hn-m+ ^ rirj{l + bi-bj) 

l<i<j<k 

We have to add for the unipotent part dimHom(y, W) + dimH'^(X, a'^W). One has 
dimHom(02"-2™,^) = (2n - 2m)(ri(6i + 1) + . . . + rfc(6fc + 1)) 

One also has 

dimB\X,A^W)= Yl (a, + a, + 1) = + {m - 1)(^ m) 

l<i<j<m i 

Note that ri^i + . . . + r^bf^ = oi + . . . + and ^ rj = m. □ 

Lemma 20. 1) The *-restriction of to any Shatz stratum (except the open ones and the 

suhregular ones) is placed in perverse degrees < 0. 

2) Let b € Z/2Z. For all the Shatz strata in Bun^ —OSh^ one has 

2a — 3 < codim Skat z'^ = dimBun/f — dim Skat z''^, (77) 

The inequality is strict unless Shatz'^ is the subregular Shatz stratum. Here for A = (ai, . . . , On) 
we set a = J2 (hi- 
proof 1) Follows immediately from 2). 

2) Use the notations of Lemma [T9l For V € Shatz^ given by (j76p we have dimEnd(W) > m?. 
Indeed, if i 7^ j then dimHom(C'(ai), 0{aj)) © Hom(C'(aj), 0{ai)) > 2. 
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By Lemma [T9l it suffices to show that 



- 4nm + m{2m + 1) + + (2n - 2m){m + a) ^ + (m - l)a > 2a - 3, (78) 

where a = ^ Oj, and the equahty holds only in the cases indicated above. Now (j78|) rewrites as 

2a(2n - 3 - m) > -3771^ + m(4n - 1) - 6 (79) 

We always have a > m and the equality is strict unless A = (1,...,1). Using the inequality 
a > m, we are reduced to show that 

2m(2n - 3 - m) > -3m^ + m(4n - 1) - 6 (80) 

The latter inequality rewrites as m? — 5m + 6 > 0. The quadratic function x'^ — 5x + 6 takes 
its minimal value —1/4 at x = 5/2. So, if m € Z then — 5m + 6 > and the equality takes 
place exactly for m = 2 and m = 3. 

The cases m = 2 and m = 3 under the condition a = m correspond exactly to the subregular 
coweights A. For them (fTT]) is an equality, otherwise the inequality ([77|) is strict. □ 

Lemma 21. Let d he as in Corollary\^ Then is isomorphic to the IC-sheaf of the subregular 
Shatz stratum over Bun^ ^ . 

Proof 

Step 1. Recall that for each a S Z one has the open substack ai^H C Bunj^ defined in Section 7.1. 
We claim that the isomorphism (j75]) actually holds over _2^h- Indeed, the preimage of -2l^H 
under i>Q : Bung Bun/f is contained in Bung, which is smooth. So, is self-dual over -2^H- 
Lemma [20l now implies that for any b € Z/2Z, the perverse sheaf ^11^(5^) over _2 IS 
the intermediate extension from the subregular Shatz stratum. 

Step 2. Assume first that d = —n or 1 — n. Let W^" (resp., W^~") be the stack classifying 
vector bundles U £ Bun„ isomorphic to 0{-l)"- (resp., to ©(-l)"-^ O). Then C ''Bun^ 
is a substack. Since n > 4, any U G admits a quotient vector bundle isomorphic to 
C'(— 1)©C'(— 1), so the preimage of in ^-Zpg ^'^^ empty. Write WBuup for the preimage of 
under Buup — t- Bun^. Then Kp^ does not vanish over W Buup. Since the image of W Buup 
in Bun% is contained in _2^^ """"^ ^ i^p,^ does not vanish over Bunf, nz^p^(_2Z^^ "'"'^ ^). Now, 
for example by Theorem 1, the same holds for any d such that ^^pg is not empty. Our assertion 
follows from Corollary [6] and Step 1. □ 

Proof of Proposition 

For 6 G Z/2Z let OBun^ C Bun^ be the open substack equal to the union of OSh^ and the 
subregular Shatz stratum in Bun|^. We have already seen in Lemma [2T] that for each b G Z/2Z, 
}Ch does not vanish on ~2U\j. Now by Corollary [3] and Proposition [151 for each b G Z/2Z the 
perverse sheaf ^H''(_2-^) LgW*" contains the unique irreducible subquotient Kr \_2U'' ■ 
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Now it suffices to show that for each b G Z/2Z the perverse sheaf ^H'^(_2K) over OBun^ 
identffies with IC(5/iatz^), where Shatz^ is the subregular stratum. 

To do so, note that _2 Bunc^ C Buncj is the open substack classifying trivial Gi-torsors, it 
is isomorphic to the classifying stack B{Gi). Recall the map -2(1 ■ -2 Buncj x Bun// Buuh 
from Section 2.3.4. 

Let first 6 = and A = (1, 1, 0, . . . , 0). Over _2 Bun^^ x OSh? the complex Autci,// identifies 
with Q£[dimBunj/ — 3], and the *-restriction of Autci,// to _2 Bunc^ x Shatz^ identifies with 
Q£[dimBun/f —7] by (|18j. Theorem 1). Since the codimension of Shatz^ in Bun^ is one and 

Rrc(B(Gi), Q^) ^ e^=o + 4A;] ^ Q^G] Q^IO] . . . , 

our assertion for 6 = follows. 

Let now 6 = 1 and A = (1, 1, 1, 0, . . . , 0). Over _2 Bun^^ x OSh^ the complex Knicx^H 
identifies with Q£[dimBun// —5]. The *-restriction of Autci,// to _2 Bunc^ x Shatz^ identifies 
with [dim Bun// —9]. Since the codimension of Shatz^ in Bun}^ is 3, our assertion similarly 
follows for 6 = 1. □ 

Remark 16. Actually, one may show that for g = and any d € Z{e, P) the fibre of I'p : 
^ Buup Bun// over a point of the subregular Shatz stratum of Bun^ ^"'^ ^ is irreducible. So, 
in this case the isomorphism (jl2p of Theorem [1] determines /C// up to a unique isomorphism. 

8.8 Case g = l 

8.8.1 Let T C H he the standard maximal torus, write W for the Weyl group of {H,T). 
Sometimes we write W = W{Hn) to express the dependence on n. The stack Buuj. classifies 
Ui, . . . ,Un € Bun5, we have denoted by Ui the push- forward of the T-torsor under the weight 
(0, . . . , 0, 1, 0, . . . , 0), where 1 appears on i-th. place. 

The natural map Uj, : Bun^. — > Bun^ sends this point to V = Yliii^i ® ^t) with the induced 
symmetric form Sym^ V — )• Ox and a trivialization det V ^ Ox ■ 

Write ° Bun^^ C Bun^ for the open substack given by the properties: Ui ® Uj is nontrivial 
for all i, j, and Ui is not isomorphic to Uj for i ^ j. Let C Bun^ be the image of ^ Buuj. 
under Uj,. The restriction ^^Bun^^ — > of i^j. is a Galois covering with Galois group W (cf. 
Remark [Tl|) . 

Recall the stack Wj/^ introduced in Section 2.4.2. For n > 3 consider the map 

f : Bnnjj^ x Bun^.^^ ^ Bnn], (81) 

sending {V, V') to y V, the symmetric form being the orthogonal sum of the forms for V, V . 
The restriction of to the open substack W^/^ x W/f^ ^ etale, and the image of this open 
substack under will be denoted Wjj. Write W// for the disjoint union of and Wjj. 

Let W' C W he the stabilizor of the coweight {1,0, ... ,0) in W . The induced representation 
ind^r/{Qe) from the trivial representaition of W to W decomposes as 
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where o"„,ct^ are irreducible, (T„ is the representation defined in Section 2.4.2, and Qi is the 
trivial representation. Note that dimcr„ = n — 1 and dimo"^ = n. 

According to Corollary El we will look for JCjj inside the perverse sheaf pH''(5'^). The map 
Uq : Bung — >■ Bun// over Wh is an etale covering. It is easy to see that 

5° Iwf^ ^Q^S-C^^ (82) 

naturally over Wjj. Similarly, over Wjj^ x W^f^ ^ ^ natural isomorphism 

(/l)*50~ pr*(Q,©£,_^ ©£^,_J, (83) 

where pr2 : V^jj^ x ~^ ^H„_2 projection. 

8.8.2 Recall for a G Z the open substack al^H introduced in Section 7.1. Note that Wh C -iUh- 
Recall the complex aK given by (j22p . We will analyse -iK over Wh- This will be sufficient, 
because, by Corollary[3l for any a < — 1 the cone of the natural map aK — )■ a-iK over -iUh is a 
constant complex. So, for any a < — 1 any non constant irreducible subquotient oi'^Yi^ {aK) |>v^ 
already appears in ^^{^{^iK) |w^. 

Recall the stack „ Bun^^ defined in Section 2.3.4. Note that -iBunc^ C Bun^^ coincides 
with the open substack of semistable Gi-torsors. 

Note that GL„ C .ff is the standard Levi subgroup containing T. Let z^T^ Bun/^ — )■ Bun^j, 
be the extension of scalars map with respect to T ^ GL„. It sends (C/i , . . . , Un) to f/i © . . . © 
Let yy Bun^ C Bun^ be the image of ^ Bun^^ under i^r,n- The restriction 

VT^n : °Bun5^ ^ WBun° 

is a Galois covering with Galois group 5„, the Weyl group of (T, GL„). For an irreducible 
representation r of 5„ write -Cgl„,t for the isotypic component of {vT,n)\^e. IwBunO corresponding 
to r, this is an irreducible perverse sheaf on WBun^. 

Let W Bun^ be the preimage of W BunJ^ under Buup — ?> Bun[^ . The natural map W Buup — > 
WBunJ^ is an isomorphism, so we identify these two stacks. Clearly, WBunJ^ C '^BunJ^. 

Lemma 22. There is a morphism in D^(WBunp) 

Qe®CGL„,a^^iy*p{-iK) 

whose cone is a constant complex. 

Proof Recall the map vrp : Sp yp introduced in Section 2.3.1. Write WSp C Sp for the 
open substack classifying (s : C/ — )■ M) G Sp such that M € -iBun^^, U G WBun^. Let 
^WSp C WSp be the closed substack given by s = 0, and ^WSp be its complement in WSp. 

If ?7 G WBunJ^ then IIom(A^?7, fi) = 0, so the projection yp — t- Bun„ becomes an isomor- 
phism over W Bun^. The restriction of vrp to WSp becomes a morphism vrvv^p : WSp — > W Bun^ 
sending {U, M, s) to U. This is our definition of '7Ty\>,P- 
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Proposition [9] implies an isomorphism 



z^|,(_iK)^(7rw,p)!Q£ 

over WBun^. The contribution of ^WSp to the latter direct image is a constant complex. 
Finally, ^WSp identifies with the stack classifying U G WBunJ^ and a surjection U ^ Ui on X, 
where Ui € Bun?. The map UT,n decomposes as 

OBunO ^0W5p""^'^ WBun", 

where ''vrw,p is the restriction of nyv^p. This yields an isomorphism {^'n'w,p)\Qe~f Qe® ^GL„,a„- 
We are done. □ 

Lemma [22] combined with Proposition [15] implies that ICh does not vanish at the generic 
point of Bun^/. Note that z^p'Ccr„ — > -Cgl^ canonically. Now ([82]) together with Corollary [6] 
show that all the perverse sheaves coincide with the subquotient Ca„ of pII^{S^). Now 
Proposition [16] together with Corollary [6] imply that C-un over Bun^^. The first part of 

Proposition [5] is proved. 

8.8.3 End of the proof of Proposition [5] Let Bunjj c Bun;'^ be the open substack of 
indecomposable vector bundles. Recall that the map *" Bun^ — >■ Bun]^ sending U to det U is 
an isomorphism (cf. [22] )• Denote by L i— )• Wn{L) the inverse of this map. Recall that if 
f7 € Bun^ then U is stable, in particular End([/) = k. 

Let Bun^^ C Bun^^ be the open substack of indecomposable vector bundles. The map 
U ^ U* yields an isomorphism Bun^ ^ Bun^^. Let Buup^ be the preimage of Bun~^ 
under vp : Buup^ Bun~^. To finish the proof of Proposition [5] we will analyze the perverse 
sheaf Kp^^ over Buup^. 

First, let us remind some well-known properties of indecomposable vector bundles. They are 
either proved in or easily obtained from the results of [22]. Let L G Bun]^ and Wn = Wn{L). 
One has H'^(X, W*) = 0. If ^ G BunJ then dimHom(^, Wn) = 1, the image of a nonzero map 
A — )■ Wn is a subbundle, and Wn/A is indecomposable. By induction, Wn admits a canonical 
flag of subbundles 

= W° CW^ C...C W^-^ C Wn 

such that /W'^~^ is non canonically isomorphic to Ox-, and Wn/W'^~^ is non canonically 
isomorphic to L. There is an exact sequence — >■ Ox Wn{L) — )• — )■ on X. It gives 
rise to an exact sequence 

^ Wn^i{L) ^ A'^WniL) ^ A^Wn{L) ^ (84) 

This sequence allows to show by induction that H°(X, A^W*) = and dimH°(X, A^Wn) = n-1. 
This implies ™Bun~^ C '^Bun~^. 

Further, any subsheaf of Wn of degree > 1 coincides with Wn- If .4 G Bun^ then Wn{L) ®A 
is also indecomposable, so Wn{L) ^ A^ Wn{L (g) A^). 
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Write Y2{L) for the scheme classifying subbundles E C Wn{L) of rank 2 such that there exists 
an isomorphism det E ^ Ox , but it is not fixed. In this definition one may equally require that 
is a subsheaf, then it is actually a subbundle. 

Let Yi{L) be the scheme classifying subbundles of rank one and degree zero in Wn{L). If 
n > 2 then Yi{L)^ Bun5 naturally, here Bun^ denotes the Picard scheme of line bundles of 
degree zero on X. The latter map sends {A C Wn) to the isomorphism class of A. 

Let Yi^i{L) be the scheme classifying flags Ei C E C Wn{L) in Wn{L), where E G Y2{L), 
and El is a subbundle of rank one and degree zero. 

Assume n > 3. The map Yi^iiL) Y^(L)^ Bun? sending {Ei C E) to Ei IS an isomor- 
phism. This follows from dimi{om{El , E / Ei) = 1. 

The map vri^i : Yi,i(L) — > Y2(L) sending {Ei <Z E) to E is surjective and proper. If £^ C Wn 
is a subbundle of rank 2 and determinant Ox, then E is semistable. Pick a line subbundle 
El C E with dcg Ei = 0. If Ef ^ Ox then the exact sequence ^ Ei ^ E ^ E* does 
not split, and tt^^^E) is a point. If Ef is not trivial then the latter exact sequence splits, and 
Tril{E) consists of 2 points. This shows that Y2{L) is the quotient of Bun? by the automorphism 
A 1-^ A~^. In turn, this yields an isomorphism Y2(L)'^¥^. 

Write Cy^ for the line bundle on Y2{L) with fibre H°(X, A^^;) at E. Let € Z be such that 

-->0(aL) as a line bundle on P^. 

Write Y2{L) for the scheme of w G H°(X, A^Wn{L)) such that the image of v : W* — >■ Wn is 
of generic rank at most 2. Then Y2{L) — {0} is the total space of jOy^ with zero section removed. 

Remark 17. Let be a finite-dimensional A;-vector space. The exteriour product (A^VF) (8> 
(A^W) — >■ A'^W is symmetric, so yields a map Sym^(A^VF) — >■ A'^W. An element u G a'^W is 
decomposable iff A w = in A^VF. So, ^2(-^) is the scheme of sections v G H°(X, A^W„) such 
that A = in H°(X, A^W^). 

Lemma 23. If n = 4 then there is a nondegenerate quadratic form q : H^(X, A^VF„) — ?• k such 
that Y2{L) is given by the equation q{v) = for v G {X , A'^Wn) ■ In this case ul = —2. 

Proof Define q as the composition 

RyX,A^Wn) ^ lf{W,Sym''{A^Wn)) ^ HO(X,det W„), 

where the first map sends v to v ® v. One has dimH°(A:, det Wn) = 1, so we may view g as a 
quadratic form with values in k. 

Let us first show that the kernel of q is at most 1-dimensional. Pick a subsheaf .4i © ,4^ © 
A2 ® A\ C W4 such that Ai G Bun?, and all the 4 line bundles ^1,^*, ^25-^2 pairwise 
non isomorphic. Let vi G H*^(A^(^i © v4*)) be a nonzero section. Then q is nondegenerate on 
the subspace of B.^{X, A'^Wn) generated by vi,V2- So, the kernel of q is at most 1-dimensional. 
Since Y2{L) — {0} is smooth, it follows that q is non degenerate. The last assertion is now easy 
to check. □ 

The following lemma is standard, its proof is left to a reader. 
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Lemma 24. Let V be a 3- dimensional k-vector space with a nondegenerate quadratic form 
q: V ^ k. Let Y CV be the closed subscheme given by q = 0. Let b : V^V* be the symmetric 
bilinear form corresponding to q. Let V CI V* be the open subscheme, the complement to the 
image of Y by b. There is a unique up to isomorphism rank one and order two local system S^' 
on V, which %S ^GjYi X SO{V,q)-equivariant. Let Ig be the intermediate extension of £\;[3] to V* . 
Then Four^(IC(y))^Zg. 

We need the following generalization of Lemma [2H 

Lemma 25. Let W be a 2-dimensional vector space and d>l. Let Y C Sym'^VF be the closed 
subscheme, the image of the finite map given byw^ w'^. Then Four^(IC(y)) 

generically over is a (shifted) local system of rank d — 1. 

Proof For a / S Sym"^!^* let I3f : Y he the composition Y ^ Sym'^W 4- Clearly, 

IC(y)^Q^[2]. For a sufficiently general / calculate the Euler characteristic of f3jC^. To this 
end, calculate first h\/3jC^, where h -.Y — {0} F{W) is the natural Gm-torsor. Here P(Ty) is 
the projective space of lines in W. The details are easy and left to a reader. □ 

Lemma 26. For any L € Bunj; one has = 2 — n, that is, Cy,^^ 0{2 — n) on P^. 

Proof We will show that vrjj' iCy2 is of degree 4 — 2n. Consider the line bundle Ci on BunJ whose 
fibre at Ei € Bun? is Hom(ii;i, VF'„(L)). Let x G X be such that L^O{x). Let r^ : X ^ Bun? be 
the map sending y to 0{x — y). We claim that r^Ci ^ C((l — n)x). This is proved by induction. 
For n = 1 one has canonically Hom(0(x — y),0{x))^ k, so the line bunlde Ci is trivialized 

in this case. For n > 1 consider the exact sequence }iom{Ei,Ox) iiom{Ei,Wn{L)) 
Hom(£'i, Wn-i{L)). The map ^ between the corresponding line bundles on Bun? is regular and 
vanishes only at £^1^0 with multiplicity one. So, r^Ci^ 0{{1 — n)x). 

Consider the line bunlde C2 on Bun? with fibre Hom(i?J, Wn) at Ei E Bun?. One shows by 
induction that r*£2—^C>{—{n + 1)2;). Indeed, for n = 1 we have a regular map Il^{X,0{2x — 
y)) 0{2x)/0{x) which is nonzero for y 7^ x, and has a zero at 7/ = x of order 2. The induction 
step is as above. 

o o 

Write C2 for the total space of C2 with zero section removed. Let £3 be the line bundle on C2 
whose fibre at {Ei,s) is Hom(£'[, Im(s)), here s : Ei ^ Wn- Of coarse, C2 descends with 

o 

respect to the projection Ci Bun? sending {Ei,s) to Ei, so we view it as a line bundle on 
Bun?. We have an exact sequence Hom(£'*,£'i) Hom(£'*, W„) A Ilom{E^,Wn/ lm{s)) 
for any inclusion s : Ei ^ Wn- The map u between line bundles over Bun? is regular and 
vanishes exactly at 4 points, so deg(/33) = 3 — n. 

Finally, we obtain degvrjj' iCy2 = degCi + degC^ = 4 — 2n. □ 

Since dimIl^{X, A'^Wn) = n — 1, Lemma [26] implies that there is a 2-dimensional space E 
and an isomorphism Sym"~^ E^ll^{X, A'^Wn) such that Y2{L) is the image of the map 

E ^ Sym"-2^^H°(X, A^VFn), 
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where ^(e) = e"~^. Now by Lemma [25l the Fourier trasform Four^(IC(y2(L))) is generically a 
shifted local system of rank n — 3. This shows that Kp^^ Ibuii^ generically a (shifted) local 
system of rank n — 3. 

Now the isomorphism (j83p combined with Corollary [6] shows that {f^)*S^i^ Qi Kl£o-„_2- 
Now applying Proposition [TUl we see that JCh iBun]:^ uniquely determined by the isomorphism 
([T2|) of Theorem [H The fact that for n = 4, ICh Ibuu^ generically a (shifted) local system of 
order two was already established in Lemma [2H Proposition [5] is proved. 

9. Generalizations for other simple groups 

9.1 Inspired by our construction of JCh and the results on the Fourier coefficients of minimal 
representations ([12j, Theorem 5.2), we propose the following generalizations of Theorem[T] 

Let G be a connected simple algebraic group (not necessarily simply connected). Let P C G 
be a maximal parabolic subgroup with an abelian unipotent radical U C P. Let M C P be a 
Levi subgroup of P. Let P~ be the opposite parabolic subgroup with respect to some maximal 
torus T C M. Write U~ for the unipotent radical of P^ . 

The maximal parabolic subgroups with an abelian unipotent radical have been classified in 
(|24j. list of possible cases in Remark 2.3). So, G is of type An, Bn, Gn, Dn, Eq or Ey. 

We may view U as a linear representation of M, write U* for the dual representation. By 
loc.cit., the group M has finitely many orbits on ^ U* . On the set of M-orbits in U* one has 
an order, namely Oi < O2 iff Oi is contained in the closure of 02- By (|24). Proposition 2.15), 
this order is linear, and there is a unique M-orbit Z dU* such that the closure Z oi Z is Zu{0}. 

Let Buufj be the stack of G-torsors on X, and similarly for Bunp,BunA4-. The stack Bunp 
classifies Fm G Bun^/ and an exact sequence Ujj^j — >■? — >■ Ox — )■ on X. Here C/jr^^ = 
{U X Tm)/M. is the vector bundle on X obtained out of U by twisting with Fm- 

Let yp be the stack classifying Fm £ Bun^ and a section v : Uj^j^j — > ^l. Then Bunp and yp 
are dual generalized vector bundles over Bun^f, so one has the corresponding Fourier transform 
functor FouTyp^^ : D^(J'p) -> D^(Bunp). 

The Gm-action on U* by scalar multiplications commutes with the M-action. Let Zp C yp 
be the closed substack classifying (Fm,v) such that 7; is a section of Zjt^^^q. Here Zjtj^j^q is the 
closed subscheme of the total space of Uir (8)r2 obtained as the corresponding twisting of Z. Let 
Zp^Q C Zp be the open substack given by the property that t; is a section of Zjt^^^^q c Zjt^^^^q. 

Let '^Buum C Buum be the open substack given by H°(X, JTtt^) = H°(X, (g) Uj^j^j) = 0. 
Write ^yp, '^Bunp for the preimage of ^Buum in the corresponding stack. The natural map 
vp : Bunp — )• Bunc is smooth. 

If G is of type C„, assume G simply-connected. If G is of type Bn or C„ write W for the 
standard representation of G. Write A for the line bundle on Bun^ with fibre det Rr(X, Wj^^ ) at 
Fg € Bunc. Let Bunc be the /i2-gerb over Bun^ of square roots of A. It classifies Fq S Bunc, 
a 1-dimensional vector space B and an isomorphism B'^^ det Rr(X, VFp^). 
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We have a diagram 

^3^P '^Bunp 

^Bunj\/ Bunc, 

where ^3^p and Bunp are dual vector bundles over Bunjv/- For G of type C„ the map up lifts 
naturally to a map Dp : Bunp — )• Bunc. 

Conjecture 4. Assume that G is not of type Bn or Cn- There is a perverse sheaf JCq on 
Bunc with the following property. If d G 7ri(M) and ^ZpQ is not empty then there exists an 
isomorphism over ^ Bunp 

v*p1Cg ® (Q,[l](^))''''"-"'^'^^^^ Four3;^,^(IC(Zp)) 

Remark 18. i) For G = Sp2„ Conjecture H] should be corrected as follows. In this case K-g is a 
direct summand in the theta-sheaf on Bung introduced in ([18], Definition 1), and vp should be 
replaced by up. With this correction Conjecture H] holds for G = Sp2n ([IB], Proposition 7). 
ii) We don't know if Conjecture [3] should be true for type Bn (even with Bunc eventually 
replaced by Bunc). Recall that at the level of functions, a metaplectic /i2-covering of SO7 
admits a minimal representation ( |25l I27j). whence for n > 4 it is known that the minimal 
representation does not exist for S02„+i (or its metaplectic coverings). 

9.2 If G is of type Eq or i?7, the perverse sheaf ICh from Conjecture H] should be the geomet- 
ric analog of the corresponding minimal representation. More precisely, it should satisfy the 
Hecke property corresponding to the subregular unipotent orbit in the Langlands dual group G 
(precisely as in Conjectured]). 

Appendix A. Almost constant local systems on Bun^ 

A.l Assume the ground field k algebraically closed. Let G be a semi-simple algebraic group, G*^ 
its simply-connected covering, let A be the finite abelian group defined by the exact sequence 

I ^ A \ G'^ ^ G ^ I. 

Pick a connected torus T and an injective homomorphism (j) : A ^ T, set Ti = T/A. Let 
Gi = (T X G^'')/A, where the map ^4 — > T x G^"^ is ((^, i). We get exact sequences I ^ A ^ 
Gi ^ Ti X G ^ 1 and 1 ^ T ^ Gi ^ G ^ 1 over Spec k. 

Given h € vri(G), pick any h € 7ri(Gi) over h and let (c, 6) G vri(Ti) x 7ri(G) be the image 
of h under 7ri(Gi) t^i{Ti x G). Pick any Tt^ € Bun|.^. Write Bun^^ j-^ for the stack 

Bun^^ xbuiit^ Spec A;, where we used the map Ft^ '■ Spec k — )• Bun-pj to define the fibred product. 
The projection 

/ : Bun^^,^^^ ^ Bun^ (85) 

is smooth and surjective. It is not representable, the group A act on each fibre of / by 2- 
automorphisms. But after getting rid of this 2-action, the map / becomes a Galois covering of 
Bun^ with Galois group Yi^{X,A). 
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Definition 5. Say that a local system K on Bun^ is almost constant if f*K is constant, that 
is, there is m > 1 and an isomorphism f*K^^^ . 

Since T is contained in the center of Gi , we have a natural action map BunT x Bun^^ — >■ 
BunGj_. 

If b' € 7ri(Gi) is another element over h let (c', b) G 7ri(Ti) x vri(G) be the image of b' . Pick 
any J-'y^ G Bunfi^. Let T be the Ti-torsor on X of isomorphisms I som(J^Ti , J~Ti) ■ other 
words, Bun^j is naturally a group stack and ~^ -^Ti <8) T for the corresponding product (g) in 
Bun^i . If ^ G Bun^^ then c is in the subgroup vri (T) ^ tti (Ti ) , so one may pick a lifting of T 
to a T-torsor J-" on X. Then gives rise to a commutative diagram 

Bun"^,,^,^ ^ Bun^ 

where the vertical arrow is the action of J- on Bunc^ . This shows that the notion of an almost 
constant local system does not depend on our choices of b and J^i • 

One checks that this notion does not depend on a choice of {(j),T). Note that for 6 = 
an irreducible perverse sheaf K G P(Bun|^) is almost constant if its restriction to Bunc-sc is 
constant. To see this, take 6 = and Tt^ to be a trivial Ti-torsor then ()85p idenitifes with the 
projection Buncsc Bun^. 

Since H^(X, A) is abelian, any almost constant irreducible local system on Bun^ is of rank 
one and finite order. 

The following conjecture was communicated to us by Drinfeld. We have not found a reference 
for its formulation or a proofs- 
Conjecture 5. Any smooth Qi-sheaf on Buncsc is constant. 

In view of this conjecture any local system on Bung should be almost constant. 

Consider an Arthur parameter {a, a) : vri(X) x SL2 — )• G, where a : vri(X) — )• Z{G) is a 
homomorphism with values in the center of G, and a corresponds to the principal nilpotent. 
We have canonically Rom{}i^{X, A), ^i^)^R^{X, Z{G)), so a can be seen as a character a : 
H^(X, A) — >■ //oo- We associate to a the local system on Bunc whose restriction to Bun^. is the 
isotypic component in /iQ^ for the map (|85p on which li^{X,A) acts by a. We expect this local 
system to be the automorphic sheaf corresponding to the above Arthur parameter. 

We will use only the following weaker result. 

Proposition 17. Let W G Rep(G'), K be an almost constant local system on Bunc, and 
X € X. There is r > 0, almost constant local systems Ki on Bunc and di £ Z such that 
^R^{W,K)'^ (BUKiidi]. 

^Conjecture [S]would follow form the ^-adic version of the results of [5]. 
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Proof Pick any b,b' S 7ri(Gi). Denote by b,b' G 7ri(G) and c, c' G 7ri(Ti) the images of b,b' 
respectively. Pick a Ti-torsor J^Ti £ Bun^^ and set = •^Ti((c' — c)x). This makes sense, 
because c' — c is a coweight of Ti. 

Write x'Hcib, b') for the Hecke stack classifying Fq S Bun^, F'q G Bun^, /3 : Fq-^Fq \x-x- 
We have the diagram 

Bun^ r xUGib^b') Bun^, 

where /i^*" (resp., h~^) sends the above point to Fg (resp., to F'q). Similarly, we have the stack 
xT~{-Gi{b,b') included into a diagram of projections 

Bun"^^ t x-HcAVh') Bung^ 

Let x'H(b,b') be the stack obtained from x'HGiib,!)') by the base change {Fti,F^_^) : Spec A; — >■ 
Bun^^ X Bun^^ . We get the diagram 

Bun"^^,^^^ t xn{b,b') Bung^^^,^ 

■if ih if 

Bun^ t x'HG{b,b') K Bung 

The key observation is that both squares in this diagram are cartesian. 

We may assume that K is supported on Bung. Let S be the spherical perverse sheaf on Gr^ 
corresponding to W . By definition, 

Yi^{S,K)^ht{*SMKY 

(see [19], Section 2.2.1). We may assume that *SMK is supported on xT~l-G{b,b'). The above 
diagram yields an isomorphism 

Since x^Gi ('^' ^ constant complex on Bung^ -p^ , our claim follows. □ 

Appendix B. Connectedness issues 

B.l Assume the ground field k algebraically closed. Let G be a semi-simple algebraic group. 
We pick a Borel subgroup B C G and its maximal torus Tg C B, write A (resp.. A) for the 
weights (resp., coweights) lattice of Tg- Write A'^ for the dominant weights of {G,Tg), let wq 
be the longuest element of the Weyl group of {G,Tg)- Let i? C P C G be a standard parabolic 
subgroup. Up d P its unipotent radical, write M for the corresponding standard Levi subgroup 
of P. 

For A S A write Bun^^ for the connected component of Bunj^^ classifying F € Bunj^^ such 

that for each A € A one has deg>Cj- = (A, A). For d G 7ri(M) write Bun^.j for the connected 
component of Bun^ containing the image of Bun^^ for any A € A over d. Write Buup for 
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the preimage of Bun^^ under the natural map Bunp Bunj\/. Write g (resp., p) for the Lie 
algebras of G (resp., of P). Let "^Buup C Bunp be the open substack classifying T € Bunp 
such that for any irreducible P-submodule V of g/p one has H^(X, Vj-) = 0. The natural map 
i/p : " Buup — > Bunc is smooth. 

Proposition 18. Let d S ■ni[M), write h € vri(G) for the image of d in 7ri(G). Assume that 
there is a lifting of d to an anti- dominant coweight A € A such that for each negative root a of 
(G, Tg) one has 2g — 2 < {a, A) . Then the generic fibre of up '.^ Bunp — ?• Bun^ is geometrically 
connected. So, there is a non empty open substack of Bun^ such that each fibre of the latter 
map over a point of this substack is geometrically connected. 

Proof Pick T, (p : A ^ T and define Ti, Gi as in Section A.l. Let Pi (resp., Bi, Mi) be the 
preimage of P (resp., of B, M) under Gi —?■ G. The diagram is cartesian 

Bunp^ — )• Bunp^ — )• Bunc^ 

^ ^ 

Up 

Bunp —7- Bunp — )• Bun^ 

Let Ai be the coweights lattice of Bi, the projection Ai — )• A is surjective. Pick A € Ai over A, 
write d (resp., h) for the image of A in 7ri(Mi) (resp., in 7ri(Gi)). It suffices to prove that the 
generic fibre of z/pj : " Buup^ Bun^.^ is geometrically connected. The second assertion would 
also follow using Lemma [JH 

Note that A is anti-dominant for G\, and for each negative root a of Gi, we have 2g — 
2 < (a. A). This implies that the map vbx '■ Bun^^ — )• Bun^^ is smooth, and similarly for 
Bunp^ Buup^. So, it suffices to show that the generic fibre of ub^ ■ Bun^^ — )• Bun^^ is 

connected. By Lemma [28] below, it suffices to show that Bun^^ ^Bun^ -^^^Bi connected. 

'-'1 

The stack Buup^ is smooth of dimensioon {g — 1) dim Si — (A,2p), and Bun^ is smooth of 
dimension {g — l)dimG. Here p is the half sum of positive roots of (Gi,-Bi). So, the stack 
Buup^ ^Bun^ ^^^Bi is smooth of pure dimension {g — l)dimTGj — 2(A, 2p), here Td is the 
preimage of Tq under Gi — > G. Let 

j-.y^ Bun^^ s Bun^^ 

be the open substack given by the property that the two -Bi-structures on a given Gi-torsor are 
transversal at the generic point of X. One checks that the complement y' of y is of dimension 
< {g — 1) dimTcj — 2 (A, 2p). Thus, it suffices to prove that y is connected. To do so, consider 
the map q : y ^ Bun^^ defined as the composition 

y A Bun|^ xL,^^ Bun|^ ?5 Bun^^ ^ Bun^^^ , 

here pr2 is the projection on the second factor. Since Bun^^ is smooth and irreducible and q 
is smooth of constant relative dimension, it siffices to show that each fibre of q is connected. 
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The fibre of q over any T G Bun^^ is isomorphic to the twisted versions of the Zastava space 

o _ _ 

"^Bi fai'-"'^) notation of ([6J, Section 2.12) corresponding to the parameter 9 = wq{\) — X. 

The twist is due to the fact that the trivial Tg-^-torsor used in the definitrion of the Zastava is 
replaced by an arbitrary point of Bun^^ . Note that is a sum of positive coroots. Now ([B], 
Proposition 2.25) combined with (loc.cit., Propositions 2.19 and 2.21) imply that each fibre of q is 
connected. We have also used the fact that the derived group [Gi, Gi] of Gi is simply-connected, 
as the results of [6] require this assumption. □ 

The following is proved in ([l3], Proposition 9.7.8, p. 82). 

Lemma 27. Let S be an irreducible scheme with generic point rj. Let f : Y S be a finitely 
presented morphism of schemes. Assume that the fibre f^^{rj) is geometrically irreducible (resp., 
geometrically connected). Then there is a non empty open sub scheme U C S such that for any 
s G U the fibre f~^{s) is geometrically irreducible (resp., geometrically connected). □ 

Lemma 28. Let S and Y be smooth irreducible k-schemes, let f :Y ^ S be a smooth morphism 
(of some constant relative dimension). Assume that Y xsY is connected. Then there is a non 
empty open subscheme U C S such that for each s G U the scheme f~^{s) is geometrically 
connected. 

Proof Write rj (resp., C) for the generic point of S (resp., of Y). Set = f^^{r]). Since Y XsY 
is connected and smooth over k, it is irreducible. Let v be the generic point of y y. 

Consider the projection pr2 : y X5 y — t- y. The generic fibre of pr2 over is Y^ x^ Since 
u is dense in 1^ Xj^ ^, the scheme 1^ x^ is irreducible. Clearly, it is actually geometrically 
irreducible. Now apply Lemma [271 to pr2. □ 

Appendix C. Case of characteristic zero 

C.l Assume the base field k algebraically closed of characteristic zero. Work with P- modules 
instead of etale Q^-sheaves. In this case one uses the homogeneous Fourier transform, so we 
omit ■0 in some notations, for example the -D-module Kp^^ introduced in Section 2.3.1 is now 
denoted Kp. 

Theorem [1] holds in the characteristic zero case. In this appendix we briefly explain the 
changes to be made in our proof of Theorem [1] for P-modules. 

Write i) for the Lie algebra of H. The cotangent bundle T* Bun// is the stack classifying 
{V, a), where V G Bun// and a G R^{X, f)^ ® ^J) ^ Rom{A^V, 0) (cf. [3j)_. Write Z C i)* for the 
closure of the minimal nilpotent orbit Z in f)*, the complement of Z in Z is the origin in 

Let C C T* Bun// be the substack classifying {V, a) such that a is a section of Zy^n — > X. 
Here Zv,q C f)y (8) is the closed subscheme obtained as the corresponding twist of Z. Then C 
contains the zero section of T* Bun//, write C for the complement of this zero section in C. Then 
C admits a stratification by locally closed substacks C"^, m > 0. Here is the stack classifying 
V G Bun// with an isotropic subbundle V2 C ^ of rank two, D G X^"^\ and an isomorphism 
Q{—D)^ det{V/V-2). Here we have denoted by V-2 C V the orthogonal complement to V2 in 
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V. The stack C"^ is smooth of dimension dim Bun// — (2n — 4)m. Since is contained in the 
global nilpotent cone, from ([3j, Theorem 2.10.2) one derives that is a lagrangian substack of 
T* BuuH- 

The formulation of Proposition [15] is changed as follows. 

Proposition 19. The irreducible subquotients K.^ of Ku overlA\j all coincide for d mod 2 = 6. 

The resulting irreducible subquotient is denoted ICu^h- If F is a different irreducible subquotient 
of iCu overlA^j then F is a (shifted) local system over the whole o/Bun|^. 

To prove Proposition 119^ keep only the following part of Lemma [TT] (its proof holds without 
changes in characteristic zero case). 

Lemma 29. Let F be an irreducible V-module on Bun^ for some b G Z/2Z. Let I be an infinite 
bounded from above set of integers. Assume given for each d ^ I a V-module J-'^ on ^ BunJ^ and 
an isomorphism !i65\) over *^Bunp. Assume that if d & I then i^p{F) is nonzero over "^Buup. 
Then F is a (shifted) local system on Bun|^. □ 

If — > S" is a vector bundle, there is a canonical symplectomorphism l : T*{E) — t- T*{E*) 
between the cotangent bundles to the corresponding total spaces, li SxEqis a trivialization 
of E over 5, here Eq is a vector space, then T*E^T*S x Eq x E^ and T*E*'^T*S x E^ x Eq 
natually. In this case i{a,x,y) = {a,y,—x) for a G r*^, x & Eq and y ^ Eq. If is remarkable 
that this symplectomorphism does not depend on the trivialization of E. For a Gm-equivariant 
P- module M on E the characteristic variety of its Fourier transform Four(M) on E* is the 
image under l of the characteristic variety of M (cf. [TJj, Theorem 5.5.5). 

Recall the stack '^Zp^ introduced in Section 2.3.1, it classifies U G ^Bun„, M G Buncr^ and 
a surjection U — )• M. Let T C ^Zp^ be the open substack given by H°(X, [/ ® M) = 0. Recall 
that ^Bunp and ^yp are dual vector bundles over ^^Bun^, denote by l : T*{^yp) — t- T*(^Bunp) 
the symplectomorphism as above. 

The substack T C '^yp is locally closed, and we denote by N^[^yp) the conormal bundle of 
T in ^yp. 

Lemma 30. Let b G Z/2Z, let T be an irreducible D-module on Bun|^. Assume that d G 
Z{e,P) with d mod 2 = b, and over ^Buup the V-module i^p(J-')[dim. rel(z^p)] contains Kp as 
an irreducible subquotient. Then n T*(Bun|^) is contained in the characteristic variety of T . 

Sketch of the proof One checks that the substack L{N^{^yp)) C T*(^Bunp) is contained in 

C° XBun^ 'Bunp C T* Bun// XBunn^Bunp C r*("Bunp) 

This implies that C^x-^^^^^ Buup is contained in the characteristic variety of Up{F)[dim. rel(i^p)]. 

□ 

Sketch of the proof of Proposition [73 Combining Lemmas [29] and [30] one gets the following. For 
each d G Z{e, P) the characteristic variety of /C^ contains C*^ xbuhh^h- The P-module )Cu over 
U'^ admits a unique irreducible subquotient, whose characteristic variety contains Xbuii„^h^ 
and all its other irreducible subquotients are (shifted) local systems on U'^. □ 
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Conjecture 6. The characteristic variety of ICh is C to which one should possibly add the zero 
section of T* Bun// — > Bun//. 

Remark 19. We have also proved the following (these claims are not used in the present paper, 
so we don't provide a proof). 

i) If n > 4 then the stack is smooth, and D T*(Bun|^) is irreducible for each b € Z/2Z. 
If n = 2 then is contained in T*(Bun//) and is irreducible. For n = 3 the stack is not 
irreducible. 

ii) Write for the image of under the projection T* Bun// Bun//. If n = 2 then C Bun^^ 
is of codimension one and irreducible. If n > 4 then for each b G Z/2Z the substack D Bun^ 
is irreducible and of codimension one in 

iii) Let g > 1 he odd. Then, for d sufficiently small, Braden's condition ([5], Corollary 3) holds 
for lC{Zp) over ^yf,, so that Kf, does not vanish at the generic point of Buup. Thus, ICh does 
not vanish at the generic point of Bun^ for each b in this case. In particular, the isomorphism 

determines ICh up to a unique isomorphism. 

References 

[1] J. Arthur, Unipotent automorphic representations: conjectures, Asterisque 171-172 (1989), 
p. 13-71 

[2] A. Beilinson, J. Bernstein, P. Deligne, Faisceaux pervers, Asterisque 100 (1982) 

[3] A. Beilinson, V. Drinfeld, Quantization of Hitchin integrable system and Hecke eigen- 
sheaves, preprint available at http://www.math.utexas.edu/users/benzvi/Langlands.html^ 

[4] Biswas, Y. Holla, Harder-Narasimham reduction of a principal bundle, Nagoya Math. J., 
174 (2004), p. 201-223 

[5] T. Braden, On the reducibility of characteristic varieties, Proc. Amer. Math. Soc. 130 
(2002), p. 2037-2043 

[6] A. Braverman, M. Finkelberg, D. Gaitsgory, Uhlenbeck spaces via affine Lie algebras, in: 
The Unity of mathematics, in honor of the ninetieth birthday of I.M. Gelfand, Progress in 
Mathematics, 2006, Vol. 244, p. 17-135 

[7] A. Braverman, D. Gaitsgory, Geometric Eisenstein series, Inv. Math. 150 (2002), p. 287-384 

[8] D. Gaitsgory, On a vanishing conjecture appearing in the geometric Langlands correspon- 
dence, Ann. Math. Second Series, Vol. 160, No. 2 (2004), p. 617-682 

[9] D. Gaitsgory, Contractibility of the space of rational maps. ' arXiv:1108. 17411 

[10] W. T. Gan, G. Savin, On minimal representations definitions and properties, Repr. theory, 
vol. 9 (2005), p. 46-93 



67 



[11] D. Ginzburg, Certain conjectures relating unipotent orbits to automorphic representations, 
Israel J. Math. 151 (2006), p. 323-355 

[12] D. Ginzburg, S. Rallis, D. Soudry, On the automorphic theta representation for simply 
laced groups, Israel J. of Math. 100 (1997), p. 61-116 

[13] A. Grothendieck, Elements de la geometric algebrique (rcdigcs avcc la collaboration de 
J. Dieudonne): IV. Etude local des schemas et des morphismes des schemas, Troisieme 
partie, Publ. Math. IHES t. 28 (1966), p. 5-255 

[14] M. Kashiwara, P. Shapira, Sheaves on manifolds, corrected second printing (1994), Springer- 
Verlag 

[15] Y. Laszlo, M. Olsson, The six operations for sheaves on Artin stacks II: adic coefficients, 
Publ. Math. IHES, vol. 107, Nu. 1 (2008), p. 169-210 

[16] G. Laumon, Transformation de Fourier, constantes d'equation fonctionnelle et conjectures 
de Weil, Publ. Math. IHES 65 (1987), p. 131-210 

[17] Y. Laszlo, About G-bundles over elliptic curves, Ann. Institut Fourier, 48, 2 (1998), p. 
413-424 

[18] S. Lysenko, Moduli of metaplectic bundles on curves and Theta-sheaves, Ann. Scient. ENS 
4e serie, t.39 (2006), p. 415-466 

[19] S. Lysenko, Geometric theta-lifting for the dual pair SO2TO, Sp2n) Ann. Scient. ENS, 4e 
serie, t. 44 (2011), p. 427-493 

[20] S. Lysenko, Geometric Waldspurger periods, Compositio Math. vol. 144, p. 377-438 (2008) 

[21] C. Moeglin, Orbitcs unipotcntcs et spectre discret non ramifie. Le cas des groupes classiques 
deployes, Comp. Math., 77, no. 1 (1991), p. 1-54 

[22] A. Polishchuk, Abelian varieties, theta functions and the Fourier transform, Cambridge 
University Press (2003) 

[23] B. Poonen, Bertini theorems over finite fields, Ann. Math. Second Series, Vol. 160, No. 3 
(2004), p. 1099-1127 

[24] R. Richardson, G. Rohrle, R. Steinberg, Parabolic subgroups with abelian unipotent radical, 
Inv. math. 110 (1992), p. 649-671 

[25] Roskies, The minimal representation of SO(4, 3) over a p-adic field. Dissertation, Stanford 
University (1996) 

[26] S. Shatz, Degeneration and specialization in algebraic families of vector bundles. Bulletin 
of AMS, Vol. 82, Nu. 4 (1976) 



68 



[27] P. Torasso, Methode des orbitcs dc Kirillov-Duflo et representations minimales des groupes 
simples sur un corps local de caracteristique nulle, Duke Math. J. 90 (1997), p. 261-377 



69 



